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Abstract

Recognizing minimally rigid graphs in 2D, also called Laman graphs, is a fun-
damental problem. The known algorithms for planar graphs are faster than those for
general graphs. A common approach to transfer a complexity bound for a graph prob-
lem from the planar case to the general case is to use planarizing gadgets. We show
unconditionally that planarizing gadgets for minimally rigid graphs do not exist.

Minimally rigid graphs are also called (3,2)-tight graphs. We generalize the result
to the class of (k,1)-tight graphs that also captures other interesting graph classes like
the graphs whose edges can be partitioned into two spanning trees.

By the same technique, we further show that planarizing gadgets do not exist for the
problem of testing independence in the 2D hyperconnectivity matroid, a matroid that
is closely related to rigidity, maximally recoverable tensor codes and low-rank matrix
completion.

1 Introduction

A central question in Graph Rigidity is what properties make a graph rig:d, i.e. what
combinatorial properties of a graph G assure that almost all realizations of the graph as
a bar-and-joint framework do not admit non-trivial, continuous deformations. Graph
rigidity has applications in engineering and computational biology but it is also central
problem in theoretical computer science because it yields an instance of the polynomial
wdentity testing (PIT) problem [RW19).

Defining the problems. A graph G = (V,E) with |V| = n vertices and |E| = m edges
is minimally rig:d, if the removal of any edge makes the graph non-rigid. Laman and
Geiringer [Lam70, [Pol27] independently showed that G is minimally rigid iff m = 2n —3
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and every S C V, where |S| > 2, induces a subgraph in G with at most 2|S| — 3 many edges,
i.e., [E[S]| < 2|S|—3, where E[S] are the edges of G induced by S. In the literature, minimally
rigid graphs are also called Laman graphs.

More generally, for parameters k, 1, a (multi-) graph G is (k,1)-tight, if m = kn —1 and

WS C V(S| >2) [EIS] < KIS|—L. (1)

Hence, Laman graphs are (2, 3)-tight graphs.

A graph G is (k,1)-sparse if it fulfills and m < kn — 1. Graph G is (k, 1)-spanning,
if it contains a (k, 1)-tight subgraph that spans the entire vertex set. Rigid graphs are
(2, 3)-spanning graphs.

The study of (k,1)-sparse graphs can be traced back to Loréa [Lor79]. Apart from
the connection to rigidity, the class of (k, l)-sparse/tight/spanning graphs captures several
interesting graph classes. We give some examples.

e The (k, k)-tight graphs are the graphs where the edges can be partitioned into k edge-
disjoint spanning trees. In case of (k, k)-sparse graphs, the edges can be partitioned
into k edge-disjoint forests [NW61), [Tut61].

e For k <1< 2k, the (k, 1)-sparse graphs are precisely the (k, l—k)-arborescences [Haa02].
A (k, a)-arborescence is a graph where adding any a edges results in a graph whose
edge set is the union of k edge-disjoint spanning trees.

e For rational parameters k, 1, there are also applications in discrete geometry [Whi96].

A (k,1)-spanning graph G = (V, E) defines a matroid for 1 < 2k and large enough n [LSO08]:
The ground set is E. A set I C E is independent, if (V,I) is (k,1)-sparse. The base sets
are the (k,1)-tight subsets. For k = 2,1 = 3, the underlying matroid is the 2D rigidity
matroid. For a graph G = (V, E) consider an embedding of the vertices p : V — R?. Let
R(G,p) be a |E| x 2|V| matrix where the row for an edge uv is defined as follows:

u v
w (0...0 pw—pv) 0...0 pv)—p(u) 0...0).

For a generic embedding pﬂ the 2D rigidity matroid R, is defined as the row matroid
of R(G,p), i.e. a set of edges is independent in this matroid if the corresponding rows in
R(G,p) are independent.

Kalai [Kal85] introduced another matroid on the edges of a graph that is very similar
to the rigidity matroid, the 2D hyperconnectivity matroid. Again, for a graph G = (V,E)
consider an embedding of the vertices p : V — R?. Let H(G,p) be a [E| x 2|V| matrix where
the row for an edge uv is defined as follows:

u v
uw (0...0 pv) 0...0 —p(u) 0...0).

! Generic means that the points are algebraically independent, roughly one can think of a generic embed-
ding as a random embedding.



For a generic embedding p, the 2D hyperconnectivity matroid H; is defined as the row
matroid of H(G, p). Using methods from tropical geometry, Bernstein [Berl7] showed that
a set of edges is independent in H; if and only if it admits an acyclic orientation with no
alternating closed trails.

The matroids R, and H, are closely related: When a set of edges is independent in H;,
it is also independent in R, [CRS23|. The converse is not true, for example, the edges of
the complete bipartite graph K33 are independent in R, but dependent in H,.

The matroids R, H, are closely related to low-rank matriz completion: Let G = (V, E)
be a graph on |V| = n vertices. Define a skew-symmetric n x n matrix S, where the entries
corresponding to E have been filled with generic values, and the remaining entries with
variables. Then E is independent in the hyperconnectivity matroid, if and only if the
variable entries of S can be assigned such that the matrix has rank two [CRS23]. There are
also connections to mazimally recoverable tensor codes, see the exposition in [BDG"26]
for a detailed overview.

Known complexity bounds. Whether a graph G = (V, E) is sparse, tight, or spanning
for parameters (k,1) can be decided in time O(n?) [LS08], for [V| =n and 1 < 2k — 1.

Hendrickson observed that the decision problem for (2,3)-sparse graphs reduces to bi-
partite matching [Hen92], and this reduction works similar for (k, 1)-sparse graphs. Bipar-
tite matching is in NC [CGG™26], hence, we get the same bound for deciding (k, 1)-sparsity.
Note that it is open whether (k, 1)-spanning graphs can be recognized in NC, even for more
restricted graph classes like planar graphs.

With respect to space-bounded computation it is open whether (k, 1)-tightness or spar-
sity can be solved in Logspace or in NL.

For planar graphs, there is an NL-algorithm for deciding (k, 1)-tightness: One can reduce
(k, 1)-tightness to the problem of deciding whether a given flow network with fixed demands
at the source and sink vertices admits a feasible low. Moreover, this reduction preserves the
planarity. Miller and Naor [MN95] solve this flow problem with fixed demands in NC when
the input graph is planar. The algorithm by Miller and Naor can also be implemented in NL
because it reduces to the problem of deciding whether a weighted directed graph admits a
negative cycle. We give the details in the Appendix.

For recognizing minimally rigid graphs, i.e. (2, 3)-tight graphs or Laman graphs, the best
known sequential algorithm has a running time of O(n/nlogn) [GW92|. Planar minimally
rigid graphs have a geometric characterization via pointed pseudo-triangulations [Str00,
HOR™05]. Using this geometric characterization, planar minimally rigid graphs can be
recognized in O(nlog® n), thereby improving the current bound for the general case [RSS19].

Testing independence in H; is in RNC and in NP, it is open whether it is in P. It is
not even known to be in coNP. For planar graphs, the matroids H; and R; are equiva-
lent [CRS23| [FJWO04]. Thus, in the planar case, the problems can be solved in NC

Our results and their motivation. Given any complexity bound for a graph problem
in the planar case, an approach to transfer this result to the general case is a planarizing



gadget that locally replaces edge crossings from a given drawing of a graph while preserving
a desired property. We give some examples.

e Recall that (k,1)-tight graphs can be recognized in NL for planar graphs. If there
would be a planarizing gadget it would imply an NL-bound for the non-planar case
as well.

e A graph with a linear number of edges can have a quadratic crossing number. However,
for graphs with a linear crossing number, a planarizing gadget would transfer the
O(nlog®n) time bound for recognizing planar minimally rigid graphs to the non-
planar case. In fact, up to crossing number n3/2-¢, for any ¢ > 0, the strategy via
planarizing gadget would outperform the best known sequential algorithm.

e For the problem of testing independence in H;, a planarizing gadget would give a
polynomial time algorithm because the matroids #; and R, are equivalent in the
planar case [CRS23| [FJW04].

Planarizing gadgets have been used to show that classical NP-hard graph problems,
like 3-colorability and vertex cover, are still NP-hard in the planar case [GJS76]. Datta,
Kulkarni, Limaye and Mahajan used planarizing gadgets in the context of computing the
determinant of an adjacency matrix [DKLMO07]. We show unconditionally, that such pla-
narizing gadgets do not exist for (k,1)-tight graphs.

Theorem 1.1. Planarizing gadgets do not exist for (k,l)-tight graphs, for k > 2 and
0<1<2k—1.

Recall that minimally rigid graphs are precisely the (2, 3)-tight graphs.
Corollary 1.2. Planarizing gadgets do not exist for minimally rigid graphs.
The result holds similarly for (k,1)-sparse graphs.

Theorem 1.3. Planarizing gadgets do not exist for (k,l)-sparse graphs, for k > 2 and
0<1<2k—1T.

Note that Theorem is not a generalization of Theorem the two statements are
incomparable. This is because when we have given a (k, 1)-tight graph G in Theorem the
graph G’ obtained from G by replacing a crossing with a gadget may become (k, 1)-sparse,
whereas in Theorem it has to stay tight.

Using the same proof techniques, we also show that there is no planarizing gadget for
testing independence in H;.

Theorem 1.4. Planarizing gadgets do not ezist for testing independence in H;.

The non-existence of planarizing gadgets was already known for bipartite perfect match-
ing [GKM™16]. As discussed above, recognizing (k,1)-tight graphs reduces to bipartite
matching. A reduction in the other direction is not known. Though this problem re-
duces to bipartite perfect matching, not all results from bipartite perfect matching carry



over to (k,1)-tight graphs directly. In particular, the unconditional non-existence result for
planarizing gadgets for bipartite perfect matching by Gurjar, Messner, Straub and Thier-
auf [GKM™ 16| does not seem to carry over to (k, 1)-tight graphs and new ideas are required
to solve the problem.

2 Preliminaries

Let G = (V,E) be a graph. For a set of vertices S C V, we denote the subgraph of G induced
by S with G[S]. We denote edges in the graph G[S] by E[S], i.e.

E[S]={(u,v)€eE|u,vesS}h

If the edge set of a graph G is not explicitly given a name, we denote it by Eg.
We use integers k and 1 for sparsity and tightness conditions of graphs throughout the

paper.

2.1 Planarizing gadgets

Roughly, a planarizing gadget is a planar graph of constant size which is used to replace
edge crossings in the drawing of any graph G like in Figure [1| while preserving a desired
property. More formally, let T" be a graph of constant size that has a planar embedding with
at least four vertices a, b, c, d that appear on the outer face in the order a,c,b,d. Let G be
a graph with a drawing in the plane where edges ab, cd are crossing. When we replace this
crossing in the drawing of G by I as in Figure |1, we get a drawing of G’ = G —{ab,cd}+T
where the number of crossings is decreased by one. The idea is to replace each crossing in
G by a copy of I' to make the graph planar. Let L be a class of graphs. Then, the graph I
is called a planarizing gadget for L if we have

Gel&e G el

Note that there might be multiple crossings in a drawing of G. In particular, one edge

a c a\ %oc
d b dd% \b

Figure 1: The crossing ab, cd is resolved by adding a planarizing gadget

could cross with multiple edges. We replace each crossing by a copy of I When there
are multiple crossings, one might need a more restricted gadget like the one in Figure
However, when we show that a planarizing gadget does not exist for the case that we only
consider one edge crossing in the drawing, more restricted gadgets for multiple crossings



cannot exist as well. Throughout the paper we use G’ to denote the graph G —{ab,cd}+T,
i.e. the graph obtained by replacing the crossing edges {ab, cd} with the gadget.

a c a\ /C
d b d/ \b

Figure 2: The crossing ab, cd is resolved by adding a more restricted gadget that also works
for multiple crossings.

2.2 Connected components in sparse graphs

For the proof of Theorem we need the fact that for some sparse graphs, induced sub-
graphs with sufficiently many edges are always connected.

Lemma 2.1. Let G = (V,E) be a (k,1)-sparse graph, where 1 <k <1< 2k—1. Then
any subset S C 'V with
[E[S]| > KIS| — 2k + 1

induces a connected subgraph in G.

Proof. Assume S would induce a subgraph in G consisting of two disconnected components
C1,Cy C V. Since G is (k,1)-tight we have

[E[S]] = [E[Cq]] + [E[C2]]
< K|Ci| =14+ K|Cy| —1
= k|S| — 21.

Since we assume that k < 1 this contradicts the assumption that [E[S]| > k|S| —2k+1. O

2.3 Replacing edges in (k,1)-tight graphs

We show that for a (k, 1)-tight graph, edges can be replaced by a (planar) graph of constant
size, while preserving the (k, 1)-tight property.

Lemma 2.2. Let G = (V,E) be a graph with an edge (u,v) € E and let 0 <1< 2k —1.
Let Q = (Vqo,Eq) be a (k,2k— 1)-tight graph with at least two vertices that we 1dentify
with w,v. Let G* = (V*,E*) be the graph obtained from G by removing edge (u,v) and
taking the union of G and Q by identifying nodes uw and v in G and Q. That 1s,
G* =G — (u,v) + Q for short.

Then G s (k,1)-tight off G* s (k,1)-tight.



Proof. Observe that

IV =[VI+[Val =2,
[E*] = [El +[Eql—1. (2)

Assume G is (k,1)-tight. We have

B =kIV|—1—1+k[Vao| —2k +1
=k[V*[—1.

Let S C V*. When u,v ¢ S, set S clearly has at most k[S| — 1 many edges since G and Q
are (k,1)-sparse. Assume only one of {u, v}, say u, is contained in S. Then we have

[E*[S]] = [E[(S \ Vo) U{wl]| + [EqlS N Vql|
< KIS\ Vo) Ufull —1+KSN Vol — 2k +1
<KSI—1—k+1
< KIS|— L.

The last inequality follows since we assume that k > 1.
Now assume u,v € S. Then we have

[E*[S]] = [E[(S \ Vo) U{u,v}]| = T+ [EqlS N Vall
<K(S\ Vo) Ufu, v}l —1—1+KSN Vol — 2k +1
< KIS|— L.

For the other direction, assume that G* is (k,1)-tight. By Equation we have

[E| = [E*| — [Eq| +1
= (K[V* = 1) — (k[Val — 2k + 1) + 1
=KV -1

Let S C V. Assume u,v € S, otherwise S would clearly have at most k|S| —1 edges since
G* is (k,1)-tight. Let T =S U Vqy. Then we have

[E[SI = [EX[T]] + 1 — [Eq
< (KT =1 +1—(kVal -2k +1)
=kIS|—1.

O]

When graph G has an edge crossing (a,b), (c,d), we put the gadget I" to replace the
crossing and obtain graph G’. By Lemma we may assume that the gadget I' does not
have any of the edges within {a,b,c,d}, and the same will then hold for G’. Similarly it
holds for G, except for (a,b), (c,d) that are in G.



2.4 Replacing edges in hyperconnected graphs

Analogously to Lemma [2.2| we show that for graphs whose edges are independent in H,
edges can be replaced by a (planar) graph of constant size, while preserving the indepen-
dence.

Lemma 2.3. Let G be a graph with an edge (u,v) € E. Let Q be a K4 on the vertices
u,v, a,b where we have removed the edge (u,v). Let G* be the graph obtained from G
by removing edge (u,v) and taking the union of G and Q by identifying nodes u and v
m G and Q. That 18, G* = G — (u,v) + Q for short.

Then G is independent in H; iff G* s independent in H,.

Proof. For one direction, assume that G is dependent in H,. We show that G* is dependent
as well. Let p* : V(G*) — R? be a generic embedding. Let p be the embedding p* restricted
to the vertices of G. Because G is dependent, there is a non-trivial dependency among the
rows of the matrix H(G, p)

Ty + ... T = 0.

If oy = 0, where i is the row corresponding to the edge (u,v), we would get a non-trivial
dependency in H(G*,p*) as well. So assume «; # 0. Recall that the gadget Q is a K4 where
we have removed the edge (u,v). Since K4 is a circuit in H,, the rows corresponding to
the edges of Q) span the row corresponding to the edge (u,v). Thus, the graph G* is also
dependent.

For the reverse direction, assume that G is independent. We show that G* is independent
as well. Recall that G is independent iff there exists an acyclic orientation of its edges that
has no alternating closed trail [Berl7]. Assume we have such an orientation for G where
the edge uv is directed from u to v. We construct such an orientation in G* as well. For
that we keep all directed edges from G, except for (u,v), and direct the edges in Q as
(u,a), (u,b), (a,b),(a,v), (b,v). Note that this orientation is acyclic in QO and it has no
alternating closed trails in Q3. To see that this orientation is acyclic in G*, assume there
would be a cycle. This cycle must then use edges from Q and from G. In particular, this
cycle must use the edges (u,b), (b,v) or (u,a),(a,b),(b,v) or (u,a),(a,v). In all cases,
we can replace the edges from Q by the edge (u,v) to obtain a cycle in G, which is a
contradiction.

To see that there is no alternating closed trail in G* we can argue in a similar way. If
there would be an alternating closed trail in G*, this trail must use the edges on the path
{u,b,a,v}. But then we obtain an alternating closed trail for G as well by replacing the
edges from Q with the edge (u,v). O

3 Proof of Theorem [1.1] and 1.3

We start with proving Theorem[1.I] At the end of the section, we explain the modifications
of the proof to get Theorem as well. We assume that k < 3, otherwise the statement



of the Theorem is trivial since a (k, 1)-tight graph would have too many edges to be planar
and hence there is no planarizing gadget. For the same reason, the cases (3,1) are trivial
for | < 5. Therefore, it only remains to show that no planarizing gadgets exist for k = 2
and 1 = 0,1,2,3. For our proof we assume for contradiction that a planarizing gadget
exists. Clearly, any planarizing gadget must be (k,1)-sparse. Let G = (V, E) be graph with
a crossing {ab, cd}. We denote G’ = G—{ab, cd}+T as the graph in which we have replaced
the crossing with the planarizing gadget. In Section [3.1] we first show that certain vertex
sets induce subgraphs in the gadget which are even more sparse. In contrast to that, we
show the existence of some subgraphs in the gadget which have a lower bound on number
of edges (Section [3.2). Then we put everything together in Section by constructing a
subgraph in the gadget where the upper bound is smaller than the lower bound from the
previous sections. Therefore we get a contradiction.

To derive the above properties of the gadget, we use different choices for the graph G,
since the gadget must work for all graphs. For example, the gadget must also work for
graphs where the end points of the crossing edges, a, b, ¢, d are connected to each other even
after removing the edges ab,cd in G. Therefore in the planarizing gadget I, the vertices
identified with a, b, ¢, d must lie on a common face, otherwise G’ would have edge crossings
(it is useful to think of I' as lying inside a square bounding box with vertices a,c,b,d in
clockwise order). This implies in particular that inside I'" there cannot be two vertex disjoint
paths, one from a to b, and another from c to d, since I' must be planar.

3.1 Upper bounds on the number of edges in the gadget
We first make an observation about the size of the gadget.

Lemma 3.1. Assume that I' = (Vr,Er) is a planarizing gadget for (k,1)-tight graphs.
Then we have

[Er| = k|Vr| — 4k + 2.

Proof. Let G = (V,E) be a (k,1)-tight graph and G’ = (V/,;E’) = G —{ab,cd} + I be the
graph obtained from G when putting I'. Note that G’ is also (k, l)-tight, otherwise the
gadget would not be valid. Hence we can compute

[Erl =[E'| —[E|+2
=KV —=1—KkV|+1+2
=k(IVr|—4)+2
= k[Vp| — 4k + 2.

O]

Any subset of vertices S of ' can induce at most k|S| — 1 many edges, otherwise the
graph G’ would not be (k,1)-tight. When we consider subsets S C Vr that contain the
vertices a, b, c, d, we can strengthen the sparsity condition as follows.



Lemma 3.2. Assume that I’ = (Vr,Er) is a planarizing gadget for (k,1)-tight graphs.
Then, for every subset S C Vr, where a,b,c,d € S, we have

IER[S]] < KIS| — 4k + 2.

Proof. Let G = (V,E) be a (k,1)-tight graph and G’ = (V/,E') = G — {ab,cd} + T be
the graph obtained from G when putting I Let S C Vi be a set of vertices such that
a,b,c,d € S. Since G’ = (V’/,E’) must also be (k,1)-tight we have

[Er(S]l = [E'[SU V]| — ([E| - 2)
<Kk[SUV[—1—[E|+2
= k(S| +[VI—4) —1— (k[V|-1) +2
= kS| — 4k + 2.
O

For (2,0)-tight graphs, we need a similar statement when S contains just two nodes
from {a, b, ¢, d}, namely one from {a, b} and one from {c, d}.

Lemma 3.3. Assume that I’ = (Vr,Er) 2s a planarizing gadget for (2,0)-tight graphs.
Then, for every subset S C Vr, where {a,b}NS| =1 and {c,d} N S| =1, we have

|Er(SI] < 2|S] —4.

Proof. Consider the (2,0)-tight graph G = (V, E) in Figure[3] Observe that G\{b, c} has 10
edges. Let S C Vr, where a,d € S and b,c ¢ S. We have

a C a C
d b d b
(2,0)-tight (2,1)-tight

Figure 3: The graphs used in the proofs of Lemma and Lemma

[Er[S]| = [E'[SUV\ {b,c)]| — 10
< 2ISUV\ {b,c) — 10
=2(IS| +3) — 10
— 2/S| — 4.

By relabeling the vertices a, b, c, d in the graph from Figure [3| we obtain the bound for all
cases from the statement. O

10



3.2 Lower bounds on the number of edges in the gadget

When the given graph G is not (k, 1)-tight, graph G’ should also be not (k,1)-tight. This
means that G’ must contain a subset of vertices that violates the (k, 1)-sparsity condition.
The following lemma is useful for such an argument.

Lemma 3.4. Assume that ' = (Vr,Er) s a planarizing gadget for (2,1)-tight graphs
where L =0,1,2,3. Then there are two subsets S1,S; C Vr such that

a,b €Sy, c,d g S1 and |EF[S1]| > 2|S4] -3,
c,d€ Sy a,b¢ S, and |Er[Sy]| > 2|S,| — 3.

Moreover, the subgraphs I'[S1],T'[S2] contain a path from a to b and c to d, respectively.

Proof. We first show the existence of the set S;. The existence of S, follows by a similar
argument when we change the labeling of the vertices in the crossing by mapping a, b, c, d to
¢, d, b, a, respectively. Consider Figure [4| where we have three graphs G, H;, H,. The graph

a b a b a b

e f ce > { e f

C d Ce > d c d
G H; Ha

Figure 4: The graphs for Lemma mfor L = 3. Graph G is not (2,3)-tight, but H;, H; are.

G = (V,E) is a not (2,3)-tight because the set V — {c, d} violates the sparsity condition.
When we move the edge (a,e) to (d,e) we obtain a new graph H; which is (2, 3)-tight.
Analogously, we obtain a graph H, by moving the edge (b, f) to (c,f) which is also (2, 3)-
tight.

We can construct similar graphs for the cases 1 =0, 1,2, see Figure

Since G is not (2,1)-tight, the graph G’ = (V',E’) where we have put the gadget, must
also be not (2,1)-tight. Hence, there exists a set T C V' that violates the (2, 1)-sparsity
condition,

[E'[T]] > 2|T| — L. (3)

However, the graphs Hj and H} where we put the gadget must both be (2,1)-tight and thus,
the same set T must fulfill the (2,1)-sparsity condition in Hj, H). That is, |EH{ [T]] < 2|T|—T1,
for i = 1,2. The difference between G and Hj, H; is that one edge has moved. It follows

11



Figure 5: The graphs G for Lemma for 1 =0,1,2. The corresponding graphs H; and H;
are defined analogously as in the case L =3 in Figure

that a,b € T and c,d ¢ T, otherwise the edge moves would not decrease the number of
edges in EH{ [T] and EHé [T].

Let Sy = TN Vr be the nodes of T inside the gadget. Recall that we defined I' such that
a,b,c,d € Vr. Hence, we have a,b € S; and ¢,d € Sy, as required by the lemma. Now we
want to argue the lower bound on the number of edges induced by S;.

Let T = T\ S1 U{a, b} be the nodes of T outside the gadget, but including a,b. By
Lemma we may assume that (a,b) € Er. Note that G becomes (2,1)-sparse when we
remove the edge (a,b). Hence, G'[T;] must be (2,1)-sparse,

[E' M < 2] -1 (4)
By definition, we have T =T; U S;. Since (a,b) ¢ E', from (3)) and (4)), we get

[Er(S1]l = [E'[S4]] = [E'[T]] — [E'[T]]
> Q2T =14+1)—2Mm[-1

=2[T[+1-2Ty|
=2[T|+1-2(TI = S$1]+2)
= 2[4 3.

It remains to argue the last part that the subgraph I'[S;] contains a path from a to b.
By Lemma the subgraph I'[S1] is connected for 1 > 2 and we are done.

For 1 =0,1, let G be the (2,0)-tight or the (2, 1)-tight graph in Figure [3| Assume there
is no path from a to b in S;. Hence, we can partition S; into two components A, B such
that a € A and b € B, and I'|A] and I'[B] are disconnected. Since G is (2,1)-tight, G’ must
also be (2, 1)-tight.

12



Choose X = AUV —{b,c}. For both graphs G in Figure |3, for | = 0,1, we have that
IX| =|A|+ |V —{b,c}| — 1 =|A| + 4, because A and V have one node in common, a. Also,
without nodes b, ¢, the graphs have [E[V — {b,c}]| = 10 — 1 edges. Since X must fulfill the
sparsity condition in G’, we get
[Er[All = [E'[X]| — [E[V —{b, c}]]

=[E'X][ - (10-1)

<2X[—1—=10+1

=2(|A[+4)—10

=2|A| - 2.

When we change the labeling of the vertices in the example by mapping a to b we get
the same bound for |Er[B]| as well. But then we get a contradiction:

2|S1] =3 < [Er[Sq]|
= [Er[A]| + [Er[B]|
<2A|—242B|-2
= 2|S¢] —4.

3.3 Getting a contradiction from upper and lower bound

In this section, we prove Theorem by showing that the upper bound from Lemma [3.2
contradicts the lower bound from Lemma[3.4; Consider the two subsets S1, S, from Lemma|3.4]
Note that a,b,c, d are contained in S; US;. We show that S; US; violates Lemma [3.2] We
distinguish different cases depending on the cardinality of S; N S;.

Case 1. S$;NS; = 0. By Lemma [3.4| we know that the subgraphs induced by S;, S, contain
a path Pqp from a to b and a path P.q from c to d, respectively. A planar embedding of the
gadget graph I where the vertices a, ¢, d, b appear on the outerface in that order looks like
the one in Figure @ Since we assume S; NS, = 0, the sets S1,S; have no common vertices
and thus, the paths P, Pcq must cross with each other. Therefore, the case S; NS, = 0
does not emerge as the gadget would not be planarizing.

Case 2. |S7N Sy =1. Then we have

[Er[S1 U Syl > [Er[S1]l + [Er[S2]|

> 2|$1] =3+ 2[S,/ -3 (5)
—2(1S1US)+1)—6
=2[S7US;|—4

Inequality (5]) follows from Lemma [3.4 and contradicts Lemma
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Figure 6: Drawing of the gadget graph I' with the sets S1,S, from Lemma

Case 3. |S1NS;| > 2. Then we have

[Er[S1 U Sl > [Er[Sq]| + [Er[S2l| — [Er[St N S2]| (6)
> 2IS1] =3+ 2[S2] =3 —(2[S1 N S2| = 1) (7)
=2[S5USy)|—6+1. (8)

Inequality follows from Lemma and the fact that I'[S; N S;] must be (k,1)-sparse.
Inequality (8]) contradicts Lemma [3.2] when 1 > 1.

The case 1 = 0 is more elaborate. Since I' is a planarizing gadget it must admit a
planar embedding where the vertices a,c, b, d appear on the outer-face in that order, as in
Figure [f] Observe that in this embedding, the set S, naturally partitions the set Sy into
three parts Sq,S1 N S2, Sp such that a € S, b € Sp. Note that there cannot be any edges in
the gadget with one end point in S, and other end point in Sy. Vice versa, S; partitions
S, into S.,S1 M S2,Sq. We give an upper bound on the number of edges in Er[S;] that
contradicts Lemma

For x € {a, b, c, d} we define

S; =S, U(S$1nS,).
and we let z, > 0 be an integer such that
[Er[Syll = 2ISy] — 2.

Note that we can assume that there are no edges going from S, to S.,Sq or from Sy to
Sc, Sa, otherwise (6]) would be larger and thus we get a contradiction. For the same reason,
we can assume |Er[S; N Sy]| = 2|S1 N S, by . Thus, for the two integers zq,zq > 0, we
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have

[Er(S, U Sl = [Er[SII + [Er[SIl — [Er[ST N S
= [Er[SJl+ [Er[S] — 2IS1 N S
=2|S!| —zq +2IS)| —za —2|S1 N S,
— 2IS! US| — (za + za)-

By Lemma we also have [Er[S] U S}l < 2|S! US| —4. Thus, we get

zq +2z4 > 4.
!

When we apply the same arguments to the pairs (S/,S/), (Si,S}), (Si,S¢) we obtain the
constraints

Zq +2zc > 4,
Zb+ZdZ4,
zp + 2o > 4.

It follows that zq + zp > 4 or z. + zq > 4. Assume z, + zp, > 4. Since there are no edges
between S, Sy, we have

[Er(S1]l = [Er(Sell + [Er[Syll — [Er[S1 N S2]|
=2|S!| —zq + 2|S{| —zp — 2IS1 N S3|
= 2|S1] — (za + zb)
< 2[5 -4

But from Lemma we must have |Ep[Sq]| > 2|S;| — 3, which gives a contradiction.
This finishes the proof of Theorem

Theorem claims the nonexistence of planarizing gadgets for sparse graphs instead
of tight graphs. Lemma [2.2] can be slightly modified so that edges can be replaced with a
constant size graph while preserving sparsity. When we modify the proof of Theorem
for sparsity, the equality in Lemma becomes an upper bound and the other arguments
still work the same way.

4 Proof of Theorem

The proof works along the lines of the proof for Theorem Assume there exists a
planarizing gadget I' for testing independence in H;. Recall that any graph whose edges
are independent in H; must be (2, 3)-sparse. Hence, we can transfer Lemma that gives
an upper bound on the number of edges in I" to hyperconnectivity.

Lemma 4.1. Assume that T = (Vr, Er) is a planarizing gadget for testing independence
wn Hy. Then, for every subset S C Vr, where a,b,c,d € S, we have

[Er[SI < 2[S| —6.
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To get a lower bound as in Lemma [3.4] requires a new argument. We state the Lemma
for 2D hyperconnectivity.

Lemma 4.2. Assume that T = (Vr, Er) 1s a planarizing gadget for testing independence
i Hy. Then there are two subsets S1,S, C Vr such that

a>b € 51) G d g S] and |EF[S1]| Z 2|S1| _3)
c,d €S, a,bg Sy and [Er[S2]] > 2[Sy| - 3.

Moreover, the subgraphs I'[S1],T'[S2] contain a path from a to b and c to d, respectively.

Proof. Like in the proof of Lemma [3.4] it suffices to show the existence of S;. The existence
of S, then follows by relabeling the vertices. Let G,H;, H; be the graphs from Figure
The graph G is not independent in A, because it contains a K4 on the vertices a, b, e, f. The
graphs Hj, H; are both independent in H;. Now consider a drawing of G like in Figure
In this drawing, there is exactly one crossing {ab,cd}. Hence, the graph G’ where we put
the planarizing gadget becomes planar.

Figure 7: Redrawing of the graph G for Lemma .

Recall that a planar graph is independent in #; if and only if it is (2, 3)-sparse [CRS23|
FJWO04]. It follows that there must exist a set T in G’ that violates the (2,3)-sparsity
condition. Then we can choose S; = TN V(I'). The rest of the proof works exactly like
the proof of Lemma At the point where we apply Lemma [2.2| we apply Lemma [2.3
instead. O

With the upper and lower bounds from Lemmas [4.1] and we can continue as in
Section to get a contraction for the existence of a planarizing gadget. This proves
Theorem

5 Discussion

We showed the nonexistence of planarizing gadgets for sparse and tight graphs. We leave
open the case of spanning graphs. Note that our arguments do not work directly when
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we replace tight with spanning in Theorem since the size of the gadget can become
arbitrarily large in this case.
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A Reducing (k, l)-sparsity to max flow with multiple sources
and sinks

We describe a reduction from (k, 1)-sparsity to maz flow with multiple sources and sinks
(MSMS maz flow). The reduction is the first step to show that planar tightness is in NL.
There are similar reductions in the literature, see e.g. [HLS97, [HLS98|. Still the precise
setting here needs some adaptions.

Max flow with multiple sources and sinks is defined as follows.

Definition A.1 (MSMS max flow). We are given a tuple (G,S,T,c), where
e G =(V,E) s a directed graph,

e ST CV are disjoint sets of sources and sinks, respectively. The vertices in S
have no incoming edges and the vertices in T have no outgoing edges in G,

e c:E — Z>o s the capacity function.

A flow wn the graph is a function f:E — R>o. Forv €V, the net outgoing flow from v

1s denoted by f,,
Z fv,w) Z f(w,v)
(vyw)EE (w,v)EE

A flow f 1s feasible, if
e VecE f(e) <c(e),
e VveV—(SUT) f,=0.

Gwen a feasible flow f, its value is defined as [f| = } .sfs. The objective of the
problem 1s to find the mazimum value of a feasable flow for (G,S, T, c).

We show a reduction from sparseness to MSMS flows.

Lemma A.2. Let G = (V,E) be graph with [V =n and [E| =m, and 0 <1 < 2k —1.
Deciding whether G is (k,1)-sparse reduces to solving m many MSMS flow problems.

Moreover, when G is planar, has bounded genus or has bounded treewidth, these
flow problems will have the corresponding property too.

Proof. We construct a MSMS flow problem (H,S, T, c) as follows. Graph H = (Vy, En)
has vertices Vi = SUEUV UT, where S is a copy of E and T is a copy of V. That is,
for E = {e1,e2,...,em}, let S = {s1,s2,...,sm}, where s; € S is associated with e; € E.
Similarly, for V = {vi,vz,...,vn}, let T = {t1,t2,...,tn}, where t; € T is associated with
vi € V.
The edges of H are
En=E 1 UE UE;3,

where
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e E; are the S-E edges, By ={(si,ei) | i € [m]} with capacities c(si,ei) = 1.

e E;arethe E-Vedges, E; ={(e,v) | e € E, v € e} with capacities c(e,v) = &« = m+1+1.
The value of « is chosen large enough such that the E;-edges can never appear in an
S-T-cut of value at most m + 1.

e E;3 are the V-T edges, E3 ={ (vi, ti) | 1 € [n] } with capacities c(vi, t;) = k.

Observe that H is constructed from G by subdividing edges or adding vertices of degree
one. Hence, the construction preserves the genus, in particular planarity, and the treewidth
of the input graph G.

Flow problem (H,S,T,c) serves as the base from which we define m variants that we
actually use in the reduction. For each edge e € E, we define essentially the same flow
problem (H,S, T c.), only the capacity function is changed for one edge: Let s € S be the
copy of e € E. Then we define c. to be same as ¢ except for edge (s, e) where we set

Ce(s,e) =1+1.

The construction of (H,S, T, c.) is shown in Figure

Figure 8: The flow problem (H,S, T c.) as described in the reduction with e; = e.

We argue that G is (k,1)-sparse iff the flow problems (H, S, T, c.) have max flow m + 1,
for all e € E. By the maz-flow min-cut theorem, we can argue via (S, T)-cuts in H. A
set C C Viyisa (S,T)-cut,if S C Cand CNT = 0. The capacity of cut C for capacity
function c. is

c(C)= > celuv).

ueC,veVy\C
We will show that

G not (k,1)-sparse &= dec E dJC C Vy (S, T)-cut c.(C)<m+1L
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Assume first that G is not (k, 1)-sparse, i.e. there is a subset X C V such that [X| > 2
and [Eg[X]| > k|X|—1. Choose an edge e € E[X] and consider the cut C = SUEG[X]JUX C Vi
in H for capacity function c.. The cut edges for C are the edges from S to E \ Eg[X] of
capacity 1 and the edges from X to T of capacity k. Hence, we have

ce(C) = m — [Eg[X]| + k[X]
<KkX|+m— (kX =1
=m+ L

For the backward direction, assume that for an edge e € E there is a flow problem
(H,S, T, ce) with a cut C, where c.(C) < m + 1. We list some properties of cut C.

e C +#£S, because c.(S) =m+1.

e C does not cut through edges from E, going from E to V as they all have capacity
o« =m-+ 1+ 1 and thus, the cut would be too large already from one such edge.

Therefore we have C = S U F U X for some non-empty sets F C E and X C V, such
that X' = Vg(F) C X, where V;(F) are the endpoints of the edges in F. The latter point is
because of the second item above. Note that |X’| > 2 since |F| > 1.

We have two cases depending on whether the edge e is in F or not.

Case 1. e € F. Then we have

ce(C) = [ENF +KIX|
= m — [F| + KIXI.

Hence, c.(C) < m + 1 is equivalent to [F| > k|X| — 1. It follows that G is not (k, l)-sparse
because

[EGIX'N > [FI > kIX] -1 > kIX'| - L.

The last inequality follows because X' C X.

Case 2. e ¢ F. Then we have c.(C) = m — [F| + 1+ k|X|. Similarly as in the first case, we
conclude that |Eg[X']| > kIX'| > kIX'| — 1. d

B Max flow with fixed demands in NL

One can extend a MSMS flow problem by fixing demands at the sources and sinks, i.e. for
every source (sink) we specify a number such that the outgoing flow (incoming flow) must
be equal to that number. Then we obtain a decision problem: Does the given flow network
with fixed demands admit a feasible flow. This decision problem can be solved in NL when
the input graph is planar:
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Lemma B.1. Whether a given flow network with fized demands admits a feasible flow
can be decided in NL

Proof. Miller and Naor solve this problem efficiently in parallel, they even compute a flow
if it exists [MN95|. We give a sketch of their algorithm:

1. Find any flow function f’ in G that satisfies demands for all vertices of G.
This is done by constructing a spanning tree T of G (the underlying undirected graph).
An edge e of G is assigned a flow value of of zero if it is not in T. If e is in T then it
is assigned a flow value based on sum of demands of the vertices lying in the subtree
of T attached to head of e.

2. Construct the residual flow graph G’ = G — f. The graph G’ will be a circulation
graph (i.e. every vertex of G’ has demand 0).

3. Compute a feasible circulation f” in G’.

To do this, first we need to check if the dual graph of G’, G*, has no negative cycle.
If a negative cycle is detected then we terminate the algorithm and output that no
feasible flow satisfying the demands exists for G. If G* has no negative cycles, then
we choose any arbitrary vertex fy of G* and compute distances from fj to every other
vertex of G* (this corresponds to computing shortest distances of faces of G’ from a
particular face fp). The flow value of an edge e in the circulation f” is simply the
difference between the shortest distances values of the faces adjacent to e.

4. Return the flow f = f’ + " as output.

Except for step three, all other steps can be done in Logspace using transducers. A spanning
tree of an undirected graph can becomputed in Logspace using Reingold’s algorithm [Rei08].
For the decision version, we do not need Step 4, and also do not need to compute distances
in Step 3. Therefore the algorithm can be seen as a Logspace reduction to detecting nega-
tive cycles in a graph with polynomialy bounded weights. By the Immerman-Szelepcsényi
Theorem [Imm88| [Sze88] we have that coNL = NL. Hence, it is enough to see that the
existence of a negative cycle can be decided in NL. This is trivial because one can just
guess a negative cycle. O

Note that for (k,1)-tightness we can add demands to the flow problems in the proof
of Lemma by taking the sum of the capacities on the outgoing and incoming arcs as
demands of the sources and sinks, respectively. Thus, by Lemma and planar
(k,1)-tightness is in NL.

Corollary B.2. Recognizing planar (k,1)-tight graphs 1s in NL.
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