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2 1 OVERVIEW1 OverviewThis paper is concerned with two basic questions about sparse sets,and a related question about sets of low instance complexity:Question 1 With respect to what types of reductions might NPhave hard or complete sparse sets?1Question 2 If a set A reduces to a sparse set, does it follow that Ais reducible to some sparse set that is \simple" relative to A?Question 3 With respect to what types of reductions might NPhave hard or complete sets of low instance complexity, and,relatedly, what is the structure of the class of sets with lowinstance complexity?With respect to the �rst and third questions, intuitively one wouldexpect that even with respect to 
exible reductions NP is unlikely tohave complete sets whose information content is low. With respectto the second question, one might intuitively feel that the structureimposed on a set by the fact that it reduces to a sparse set makesit plausible that we can indeed �nd a simple sparse set that canmasquerade as the original sparse set. These two intuitions are inmany ways certi�ed by the current literature, and by the results ofthis paper.The rest of this section summarizes the results of this paper andcompares them with previous work.With regard to Question 1:� We show that if any NP-complete set bounded truth-tablereduces to a set that conjunctively reduces to a sparse set,then P = NP. Our result extends the strongest previouslyknown result, which is due to Ogiwara and Watanabe: if anyNP-complete set bounded truth-table reduces to a sparse set,then P = NP [OW91]. As a consequence of our result, if anyNP-complete set conjunctively reduces to a sparse set,2 then1For the reductions we will discuss, the question of sparse hard sets is equivalentto asking what type of reductions might reduce many-one complete sets for NP tosome sparse set; we will often use this formulation.2A conjunctive reduction from A to B means that there is a Turing machinewith oracle B that accepts A, and the Turing machine's acceptance mechanism is



3P = NP. The latter result has been obtained independently byRanjan and Rohatgi [RR92].Wealso show similar results for the classes UP;PP;C=P;ModkP,and the class of nearly near-testable sets.� One might ask whether in the above-mentioned result ofOgiwara and Watanabe the bounded truth-table case is optimal,or whether it can be extended by making the bound on thenumber of queries bigger than constant, for example, by makingit some function that is !(log n). We show that there arerelativized worlds in which the boolean hierarchy does notcollapse and yet there are tally NP-complete sets with respectto such reductions. This provides relativized upper bounds tothe work of Ko, Orponen, Sch�oning, and Watanabe [KOSW86,Orp90,KOSW90], of Ogiwara and Watanabe [OW91], and ofthe current paper. Our result strengthens a result of Homerand Longpr�e [HL91], who independently of the work of thispaper showed that there are relativized worlds in which there aresparse sets that are NP-complete with respect to such boundsand yet (relativized) P 6= NP.With regard to Question 2:� In the context of recent comparisons between equivalence andreducibility to sparse sets [AHOW92,GW], it is interesting toknow, for various classes of sets that reduce to sparse sets,the complexity of the easiest sparse sets to which such setsreduce. We show that any set A that disjunctively reduces(respectively, disjunctive bounded truth-table reduces, 2-truth-table reduces) to a sparse set in fact disjunctively reduces(respectively, disjunctive bounded truth-table reduces, 2-truth-table reduces) to a sparse set that is in PNPA (respectively,PNPA[log], PNPA[log]).3 Thus, for such sets, reducing to somesparse set implies reducing to some relatively simple sparse set.The nearest previous result is one of Allender, Hemachandra,that it accepts if and only if every string it queries is a member of B [LLS75].3The [log] means that there is an O(logn) bound on the number of calls madeto the NPA oracle (see [Wag90]).



4 2 NOTATIONOgiwara, and Watanabe [AHOW92]: If P = NP and set A 2-truth-table reduces to a sparse set, then A truth-table reducesto some sparse set that itself truth-table reduces to A. However,A does not two-truth-table reduce to the particular sparseset constructed in [AHOW92]. Via census-functions, graph-coloring, and the Erd}os-Rado sun
ower lemma, our techniquesavoid the level of explicit coding (and thus the complexity ofreduction) required by previous methods.With regard to Question 3:� We completely characterize the sets of low instance complexity(that is, the class IC[log;poly] [KOSW86,Orp90,KOSW90]) interms of reductions to tally sets: IC[log;poly] is exactly the classof sets that both disjunctively and conjunctively reduce to tallysets.� We show that Orponen's result [Orp90] on 1-truth-table-complete sets for NP generalizes to disjunctive and conjunctivereductions: If P 6= NP and A is �pc-hard or �pd-hard for NP, thenA 62 IC[log;poly].Section 3 discusses the results associated with Question 1. Section 4discusses the results associated with Question 2. Section 5 discussesthe results associated with Question 3.2 NotationA set T is said to be a tally set if T � 0�. S=n will denote the lengthn strings in S, and S�n (respectively, S<n) will denote the strings inS of length at most (respectively, strictly less than) n. A set S issaid to be sparse if it has at most polynomially many elements ateach length: S is sparse if and only if for some polynomial p it holdsthat (8n)[jjS=njj � p(n)]. We use TALLY and SPARSE to represent,respectively, the classes of tally and sparse sets. Tally and sparse setshave come to play a large role in modern complexity theory (see, e.g.,the surveys [Mah86,Mah89,HOW92]).Let h�; �i2 denote a (non-onto) pairing function over �nite stringswith the standard nice computability, and invertibility properties,



5Name Notationmany-one �pmone truth-table �p1-ttk truth-table �pk-ttk disjunctive (truth-table or Turing) �pk-dbounded (truth-table or Turing) �pbf(n) truth-table �pf(n)-ttconjunctive (truth-table or Turing) �pcdisjunctive (truth-table or Turing) �pdbounded conjunctive (truth-table or Turing) �pbcbounded disjunctive (truth-table or Turing) �pbdTuring �pTnondeterministic conjunctive (truth-table or Turing) �NPcTable 1: Polynomial-time Reductionsand such that (8x; y)[jhx; yi2j = 2jxj + jyj]. For every k � 2, lethy1; y2; : : : ; yki denote hk; hy1; hy2; h: : : ; hyk�1; yki2 : : : i2i2i2i2.The reductions discussed in this paper are polynomial-boundedreductions de�ned by Ladner, Lynch, and Selman [LLS75]. Table 1lists the abbreviations we will use for various types of reductions.We will use the following notation to describe downward closuresof classes under various reductions.Notation 2.1 [BK88,AHOW92] For any reducibility�pr and anyclass of sets C, let Rpr(C) = fA j (9B 2 C)[A �pr B]g.The interrelations among Rpr(SPARSE) classes have been studied byBook and Ko [BK88], Ko [Ko89], Allender, Hemachandra, Ogiwara,and Watanabe [AHOW92], and Gavald�a and Watanabe [GW].Figure 1 shows some of the inclusion structure among Rpr(SPARSE)classes.
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Rpb(Rpc(SPARSE))Rpc(SPARSE)Rpm(SPARSE)Rpb(SPARSE)Rpd(SPARSE)

Figure 1: Inclusion structure of some reduction classes to sparse sets;all inclusions indicated are proper.Rpm(SPARSE) �6� Rpb (SPARSE) and Rpm(SPARSE) �6� Rpc (SPARSE)are respectively from [BK88] and [Ko89]. From the result of [AHOW92]that Rpb(SPARSE) � Rpd(SPARSE) and the result of [GW]that Rpc(SPARSE) 6� Rpd(SPARSE), it follows immediately thatRpb(SPARSE) �6� Rpb(Rpc(SPARSE)). From the result of [Ko89] thatRpb(SPARSE) 6� Rpc(SPARSE), it follows immediately that Rpc(SPARSE) �6�Rpb(Rpc(SPARSE)).It remains only to show that Rpb(SPARSE) �6� Rpd(SPARSE). [AHOW92]shows that Rpb(SPARSE) � Rpd(SPARSE), and from this it followsthat coSPARSE � Rpd(SPARSE), which in turn implies SPARSE �Rpc(coSPARSE), and hence Rpc(SPARSE) � Rpc (Rpc(coSPARSE)) =Rpc(coSPARSE). If Rpb (SPARSE) = Rpd(SPARSE), then, since Rpb(�) classesare closed under complement, Rpb(SPARSE) = Rpc(coSPARSE). Theprevious two sentences imply Rpc (SPARSE) � Rpb(SPARSE), and thusRpc(SPARSE) � Rpd(SPARSE), contradicting the result of [GW].



73 Sets Reducing to Sparse SetsThe study of sparse complete sets was sparked by the conjectureof L. Berman and J. Hartmanis [BH77] that there are no sparse NP-complete sets; they were motivated to make this conjecture since ifit fails then there are NP-complete sets that are not polynomial-time isomorphic (and at that time they conjectured that all NP-complete sets were polynomial-time isomorphic, though recent workhas dimmed hopes on that issue [JY85,KMR89]).The �rst result along the lines of their sparseness conjecturewas P. Berman's proof that P = NP if some tally set is NP-complete [Ber78]. This result was quickly followed by Fortune's proofthat if there is a sparse coNP-complete set, then P = NP [For79].Finally, Mahaney obtained the striking result that P = NP if anyNP-complete set many-one reduces to a sparse set [Mah82].Although Mahaney obtained the complete collapse of thepolynomial hierarchy in the case of many-one reducibility, possiblecollapses in the case of more 
exible reducibilities have remainedan active research area. For the case of Turing reductions, it isknown that the existence of sparse Turing-complete sets for NPwould collapse the polynomial hierarchy to PNP[log] [Kad89], andthe existence of sparse Turing-hard sets for NP would collapse thepolynomial hierarchy to �p2 T �p2 [KL80]; both these results areknown to be essentially optimal with respect to relativizable prooftechniques [Kad89,Hel86].As just noted, for the cases of many-one and Turing reductionsthe consequences of sparse NP-complete sets are well-understood.However, with respect to reductions whose strength lies betweenTuring andmany-one reductions, the question of extending Mahaney'smany-one result has proved considerably more challenging. For thecase of bounded truth-table reductions, Ukkonen [Ukk83] generalizedBerman's result [Ber78] by showing that if there is a tally boundedtruth-table hard set for NP, then P = NP. Yesha [Yes83] generalizedFortune's result [For79] by showing that if there is a sparse boundedpositive truth-table hard set for coNP, then P = NP. Yesha also(partially) generalized Mahaney's Theorem [Mah82] by showing thatif there is a sparse bounded positive truth-table complete set for NP,then P = NP. These results regarding bounded truth-table reductions



8 3 SETS REDUCING TO SPARSE SETShave been recently subsumed by Ogiwara and Watanabe ([OW91],see also [Wat88] and [JY90, footnote 9]), who successfully extendedMahaney's result and showed that if there is a sparse bounded truth-table hard set for NP, then P = NP.For the case of conjunctive reductions, Ukkonen [Ukk83] andYap [Yap83] generalized Fortune's result [For79] by showing thatif there is a sparse conjunctive hard set for coNP, then P = NP.Yap [Yap83] also (partially) generalized Mahaney's Theorem [Mah82]by showing that if there is a sparse set that is both conjunctive anddisjunctive complete for NP, then P = NP. However, in the decadesince Mahaney's Theorem, it has remained an open question whetherhis result can be extended to the case of conjunctive reductions.Section 3.1 resolves this question.3.1 NP, PP, and C=PWe show that if there is a sparse set that is conjunctive hard for NP,then P = NP (Corollary 3.4). In fact, in Corollary 3.5 we establishthat if NP � Rpb(Rpc(SPARSE)) then P = NP, thus extending theresult of Ogiwara and Watanabe [OW91] (see Figure 1).De�nition 3.1 [OW91] Let A be in NP, let W be a set in P, andlet q be a polynomial such that A = fx j (9w 2 �q(jxj)) [hx;wi 2W ] g.For x 2 A let wmax(x) = maxfw 2 �q(jxj) j hx;wi 2 W g. We will saythat Left(A) = f hx;wi j x 2 A; w 2 �q(jxj) and w � wmax(x)g is theleft set of A.4Theorem 3.2 If A 2 NP and Left(A) 2 Rpb(Rpc(SPARSE)), then Ais in P.Although the next result is a direct consequence of the abovetheorem, a simple direct proof for it can be found in the appendixof [AHH+92].Theorem 3.3 If A 2 NP and Left(A) 2 Rpc(SPARSE), then A is inP.4The left set tacitly depends on the particular witness relation chosen.



3.1 NP, PP, and C=P 9FromTheorem 3.3, it immediately follows that Mahaney's Theoremgeneralizes to the case of conjunctive reductions. Corollary 3.4 hasbeen obtained independently by Ranjan and Rohatgi [RR92].Corollary 3.4 If any NP-complete set conjunctively reduces to asparse set, then P = NP.Indeed, Left(A) �pm A for any NP-complete set A, and thus theabove theorems apply to the case in which some NP-complete (or NP-hard) set reduces (via the reductions named above) to some sparseset.Corollary 3.5 If any NP-complete set is in Rpb(Rpc(SPARSE)), thenP = NP.In the remainder of this section we prove Theorem 3.2, giveapplications of the obtained results to other complexity classes, andshow relativized upper bounds to the above result.The following characterization, due to Hausdor�, of the booleanclosure of certain classes of sets plays a central role in our proof ofTheorem 3.2.Theorem 3.6 [Hau14,Wec85] Let K be any class of sets closedunder �nite unions and intersections that includes ; and ��. LetBC(K) be the closure of K under �nite union, �nite intersection,and complement. Every A 2 BC(K) can be represented as A =Ski=1(A2i�1 \ A2i), where Aj 2 K (for 1 � j � 2k) and A1 � A2 �� � � � A2k.In order to use this characterization for sets in Rpb(Rpc(SPARSE)),we need to show that Rpb(Rpc (SPARSE)) = BC(Rpc(SPARSE)), andthat Rpc(SPARSE) is closed under �nite unions and intersections.Theorem 3.7 [KSW87] Let K be a class that contains P and isclosed under many-one reductions. Then BC(K) = Rpb(K).By applying the recent result of Buhrman, Longpr�e, and Spaan(stated as Theorem 3.8 below), it remains only to prove the closureof Rpc(TALLY) under union.Theorem 3.8 [BLS92] Rpc(SPARSE) = Rpc(TALLY).



10 3 SETS REDUCING TO SPARSE SETSThe following lemma is straightforward and is stated without proof.Lemma 3.9 Rpc(TALLY) is closed under �nite unions andintersections.Now we are ready to prove Theorem 3.2.Proof of Theorem 3.2:Let q be a polynomial and let PA be a polynomial-time set suchthat A = fx j (9w 2 �q(jxj))[hx;wi 2 PA]g. Recall that Left(A) =fhx;wi j x 2 A ^ w 2 �q(jxj) ^ w � wmaxg, where wmax =maxfw 2 �q(jxj) j hx;wi 2 PAg. In the following we describe analgorithm for testing membership in A, that computes wmax (thelexicographically largest witness, if it exists) by a breadth-�rst searchof the tree of pre�xes of all potential witnesses. In order to do thiswe use the set prefix(Left(A)) = fhx; yi j (9z)[hx; yzi 2 Left(A)]g.Each pre�x y actually represents the interval of all possible extensionsof y to length q(jxj). It is not hard to see that prefix(Left(A))is many-one equivalent to Left(A) and thus prefix(Left(A)) 2Rpb(Rpc(SPARSE)) = Rpb(Rpc(TALLY)).By Theorems 3.6, 3.7, 3.8, and by Lemma 3.9, it follows that thereexists a tally set T and sets Ci 2 Rpc(T ), Di 2 Rpd(T ) such thatprefix(Left(A)) = Ski=1(Ci \Di) and C1 � D1 � C2 � D2::: � Ck �Dk.Let fi be the conjunctive reduction that witnesses Ci 2 Rpc(T ) andgi be the disjunctive reduction that witnesses Di 2 Rpd(T ). Withoutloss of generality, we assume that these reductions are all computablein time bounded by a �xed polynomial p.We �rst give an intuitive overview of the polynomial-time5algorithm recognizing A. As stated above, this algorithm performsa breadth-�rst search through the tree of witness pre�xes for aninput x. Let x be an element of A, and let N = fy1; : : : ; ytgbe a lexicographically ordered set of pre�xes (all the same length)that includes the pre�x of wmax of that length. We exploit somecrucial properties of the Hausdor� representation Ski=1(Ci \ Di) ofprefix(Left(A)) for the design of a procedure pruning N to apolynomially size-bounded set that still includes the pre�x of wmax.5It is implicit in this section that polynomial time and polynomial size alwaysmean polynomial in jxj.



3.1 NP, PP, and C=P 11Let ym be the pre�x of wmax in fy1; : : : ; ytg. Then, letting d = 1and l(0) = 1, it holds thatfhx; yl(d�1)i; : : : ; hx; ymig � CdInductively, for d = 1; : : : ; k, let r(d) be the largest index r suchthat fhx; yl(d�1)i; : : : ; hx; yrig is contained in Cd, and let l(d) be theleast index l such that 1 � l � r(d) + 1 and fhx; yli; : : : ; hx; yr(d)ig �Dd. Observe that since fhx; yl(d�1)i; : : : ; hx; ymig � Cd it follows thatr(d) � m. Similarly, since fhx; ym+1i; : : : ; hx; yr(d)ig � Dd, it holdsthat l(d) � m+ 1. We consider the following two cases separately.1. hx; ymi 2 Dd.Then l(d) = m+ 1 since ym 62 fyl(d); : : : ; yr(d)g, i.e., l(d) > m.2. hx; ymi 62 Dd. (This case is possible only if d < k.)In this case, ym 2 fyl(d); : : : ; yr(d)g. Since fhx; yl(d)i; : : : ; hx; ymig� prefix(Left(A)) but fhx; yl(d)i; : : : ; hx; ymig � Dd, it followsthat fhx; yl(d)i; : : : ; hx; ymig � Cd+1, and the above analysis canbe repeated.If we could compute the pre�xes yl(d) and yr(d) de�ned above inpolynomial time, we could use the above properties in order to designa recursive procedure that collects all the pre�xes yl(d)�1 found inthe recursive calls. This procedure would return a small subset ofN containing ym. Starting with N = f�g, the overall algorithm canrepeatedly use such a pruning step at each level of the tree of possiblewitness pre�xes by �rst expanding all the pre�xes y in N to y0 andy1 (thus doubling N) and then pruning N back to a small subset. Inthat way, the algorithm �nally computes a small subset of �q(jxj) that,if x 2 A, contains wmax.Although we cannot explicitly compute the required pre�xes yl(d)and yr(d), instead we can compute, given yl(d�1), in polynomial time(polynomially size-bounded) sets Jright(d) and Jleft(d) of pre�xes suchthat yr(d) 2 Jright(d) and yl(d) 2 Jleft(d). This su�ces since foreach pre�x candidate y 2 Jleft(d), the search for yl(d+1) can be donerecursively. Since the depth of the recursion is a constant, namely k,the resulting sets Jleft(d) of candidates for yl(d) still have polynomiallybounded cardinality.



12 3 SETS REDUCING TO SPARSE SETSWe now describe the algorithm in detail. The algorithm calls arecursive pruning procedure PRUNE, which in turn calls two functionsSEARCH-RIGHT and SEARCH-LEFT. SEARCH-RIGHT is used tosearch for candidates for yr(d) that are to the right of previously foundcandidates for yl(d�1), resulting in a polynomially size-bounded setJright(d) containing yr(d). SEARCH-LEFT is used to search to the leftof the pre�xes in Jright(d), to form a polynomially size-bounded setJleft(d) containing yl(d).SEARCH-RIGHT(d;N; yl; x)(* returns a set J � N = fy1; : : : ; ytg that includes thelargest pre�x yr 2 N such that fhx; yli; : : : ; hx; yrig � Cd*)beginJ := fytgfor j := 0 to p(jxj) doJ := J [ fyh j yh+1 is the smallest y in Ns.t. y � yl and 0j 2 fd(hx; yi)gendreturn JendClaim 1 Function SEARCH-RIGHT(d;N; yl; x), when called withparameter yl = yl(d�1), returns a set J containing yr(d).Proof of Claim 1: There are two cases. If r(d) = t,then yr(d) is clearly in the returned set J . Otherwise, sincefhx; yl(d�1)i; : : : ; hx; yr(d)ig � Cd and hx; yr(d)+1i 62 Cd, all the queriesin the sets fd(hx; yl(d�1)i); : : : ; fd(hx; yr(d)i) are in T but at least onequery 0j in fd(hx; yr(d)+1i) is not in T . Thus yr(d)+1 is the smallestpre�x y in N such that y � yl(d�1) and 0j 2 fd(hx; yi), i.e., yr(d) is



3.1 NP, PP, and C=P 13included in J in the jth run of the for-loop.SEARCH-LEFT(d;N; yr; x)(* returns a set J � N = fy1; : : : ; ytg that includes thesmallest pre�x yl 2 N such that fhx; yli; : : : ; hx; yrig � Dd*)beginJ := fy1gfor j := 0 to p(jxj) doJ := J [ fyh j yh�1 is the largest y in Ns.t. y � yr and 0j 2 gd(hx; yi)gendreturn JendClaim 2 Function SEARCH-LEFT(d;N; yr; x), when called withparameter yr = yr(d), returns a set J containing yl(d).Proof of Claim 2: Again, there are two cases. If l(d) = 1,then yl(d) is clearly in the returned set J . Otherwise, sincefhx; yl(d)i; : : : ; hx; yr(d)ig � Dd and hx; yl(d)�1i 2 Dd, all the queriesin the sets gd(hx; yl(d)i); : : : ; gd(hx; yr(d)i) are outside of T but at leastone query 0j in gd(hx; yl(d)�1i) is in T . Thus yl(d)�1 is the largest pre�xy in N such that y � yr(d) and 0j 2 gd(hx; yi), i.e., yl(d) is included in



14 3 SETS REDUCING TO SPARSE SETSJ in the jth run of the for-loop.PRUNE(N;J 0left; d; x)(* returns a subset of N = fy1; : : : ; ytg that contains thepre�x ym of wmax if ym 2 N \ Cd and fyl; : : : ; ymg � Cdfor a yl 2 J 0left with l �m *)beginif d = k + 1 then return ; endJright := ;for each z 2 J 0left doJright := Jright [ SEARCH-RIGHT(d;N; z; x)endJleft := ;for each z 2 Jright doJleft := Jleft [ SEARCH-LEFT(d;N; z; x)endreturn fyl�1 j yl 2 Jleftg [ PRUNE(N;Jleft; d+ 1; x)endClaim 3 If ym 2 N , hx; ymi 2 Cd, and yl(d�1) 2 J 0left then functionPRUNE(N;J 0left; d; x) returns a set I containing ym.Proof of Claim 3: If ym 2 N and hx; ymi 2 Cd then hx; ymi is alsoin the sets Dd�1; : : : ;D1. By the above analysis (since case 2 alwayshappens up to d � 1) it follows that fhx; yl(d�1)i; : : : ; hx; ymig � Cd.Since yl(d�1) 2 J 0left, using Claim 1, yr(d) is included in Jright by the callof SEARCH-RIGHT(d;N; yl(d�1); x). Using Claim 2, yl(d) is includedin Jleft by the call of SEARCH-LEFT(d;N; yr(d); x). Now we can proveby induction that ym is included in the set returned by PRUNE. Ifhx; ymi 2 Dd (which must be true in the base case d = k), thenym = yl(d)�1 and ym is included in the set returned by PRUNE. Ifhx; ymi 62 Dd then hx; ymi is in Cd+1 and we can use the inductionhypothesis.



3.1 NP, PP, and C=P 15We complete the algorithm with a description of the main program.input xbeginN := f�gfor i := 1 to q(jxj) doN := fy0 jy 2 Ng[fy1 jy 2 Ng (* expand the pre�xesto length i *)N := PRUNE(N; fy1g; 1; x)end(* N now includes wmax if x 2 A *)if there is a witness for x in N then accept else rejectendendIn order to prove the correctness of the algorithm it su�ces toobserve that it follows from Claim 3 that the pre�x ym of wmaxis included in the pruned set returned by PRUNE(N; fy1g; 1; x),provided that ym is in N . Also, since the sets returned by SEARCH-RIGHT and SEARCH-LEFT are bounded in size by p(jxj) + 2, itfollows inductively that the set Jleft computed by PRUNE at level dis bounded in size by (p(jxj)+2)2d. Thus, since the depth of recursionof function PRUNE is bounded by a constant, the �nally returnedset|being the union of all the Jleft's|is polynomially size-bounded,and it is easy to see that the algorithm runs in polynomial time.The Hausdor� characterization of boolean closures of classes of setshas turned out to be also useful in proving related results concerningrandomized reductions and nondeterministic reductions to sparse sets(see [AKM92]).We now brie
y discuss the application of the above results to theclasses UP, PP and C=P. Since for every set A 2 UP it holdsthat Left(A) is in UP, it also follows that if UP is contained inRpb(Rpc(SPARSE)) then P = UP. This strengthens the results ofWatanabe [Wat91], who showed that if P 6= UP then there existsa set in UP that does not many-one polynomial-time reduce to anysparse set.Consider the set fhx;mi j there are at leastm satisfying assignmentsfor xg, which has properties similar to left sets and is complete for PP.Under the assumption that this set is in Rpb(Rpc(SPARSE)), we can use



16 3 SETS REDUCING TO SPARSE SETSthe algorithm described in the proof of Theorem 3.2 to compute inpolynomial time a set of numbers that includes #SAT(x), the numberof satisfying assignments of formula x. Now we can use the result ofCai and Hemachandra [CH91] and Toda (see [ABG90]) that P = PPif there is an FP function that computes on input x a set of numbersthat includes #SAT(x). Alternatively, Theorem 3.10 could be provedalong the same lines as Theorem 3.11.Theorem 3.10 If PP is contained in Rpb(Rpc(SPARSE)), then P =PP.We can also show that if C=P is contained in Rpb(Rpc(SPARSE))then P = C=P.Theorem 3.11 If C=P is contained in Rpb(Rpc(SPARSE)) thenP = C=P.Proof of Theorem 3.11:There exist complete sets in C=P that are one word-decreasing self-reducible [OL]. Balcaz�ar has shown that every one word-decreasingself-reducible set in RpT (SPARSE) is in �p2 [Bal90]. So it followsfrom the assumption of the theorem that C=P � �p2. Furthermore,since coNP � C=P, if C=P � Rpb(Rpc(SPARSE)) then also NP �Rpb(Rpc(SPARSE)), and it follows from Corollary 3.5 that P = �p2.As discussed previously, Ogiwara and Watanabe [OW91] showedthat if for some k NP has a k-truth-table hard sparse set then P = NP.It is natural to ask whether the result of Ogiwara and Watanabe canbe extended to truth-tables that have non-constant bounds on theirnumber of queries. We show that, even with respect to the weakenedconclusion that the boolean hierarchy [CGH+88,CGH+89] collapses,the Ogiwara-Watanabe result cannot be improved to !(log n)-bounded truth-table reductions by any relativizable proof technique.Our result strengthens the work of Homer and Longpr�e [HL91],who independently of the work of this paper showed that there arerelativized worlds in which there are sparse sets that are NP-completewith respect to such bounds and yet P 6= NP. The strongest earlierresult was the result of Kadin ([Kad89], see also [IM89,CGH+89]) thatfor every nice function f(n) = o(log n) there are relativized worlds in



3.1 NP, PP, and C=P 17which the polynomial hierarchy does not collapse to PNP[f(n)] yet NPhas sparse Turing complete sets. Since NP has sparse Turing completesets if and only if NP has sparse truth-table complete sets|this canbe seen either directly, via the parallel census technique discussedlater in this subsection, or as a consequence of Hartmanis's sparse setthat is truth-table complete for the sparse sets in NP ([Har83], onlyTuring completeness is stated, but Hartmanis's set is clearly truth-table complete)|Kadin's result applies equally well to the (seeminglystronger) truth-table case.The boolean hierarchy [CGH+88,CGH+89] is the closure of NPunder boolean operations; equivalently, it is the class of sets that canbe accepted by �nite amounts of hardware applied to NP predicates.Here, we de�ne the hierarchy via one of its normal forms|namely, asthe union of di�erences of NP sets.De�nition 3.12 [CGH+88]1. For k � 1, the k-th level of the boolean hierarchy is de�ned by:L 2 NP(k) if and only if there exist L1; : : : ; Lk 2 NP such thatL = ( (L1 � L2) [ : : : [ (Lk�2 � Lk�1) [ Lk if k is odd(L1 � L2) [ : : : [ (Lk�1 � Lk) if k is even.2. coNP(k) = fL j L 2 NP(k)g.3. BH = Sk�1NP(k), de�nes the boolean hierarchy.Like the polynomial hierarchy, the boolean hierarchy does havedownward separation; if for some k0 it holds that NP(k0) = coNP(k0),then NP(k0) = BH [CGH+88]. In such a case, we say that the booleanhierarchy collapses (to level k0).Theorem 3.13 If f is a polynomial-time computable, nondecreasingfunction such that f(n) = !(log n), then there exist a set A and atally set T such that BHA does not collapse and T is �p;Af(n)-tt-completefor NPA.A detailed proof of Theorem 3.13 can be found in [AHH+92].The coding used in that proof suggests an interesting issue: givena set S of low density (for example, a sparse set), can we �nd its



18 3 SETS REDUCING TO SPARSE SETSelements via parallel access to some NPS set (rather than usingthe obvious sequential pre�x-searching algorithm)? The answer,perhaps surprisingly, is that parallel access su�ces. Though thetools to note this have been implicit since the important sparseset research of Hartmanis, Immerman, and Sewelson [HIS85], it isnoted most clearly|in slightly di�erent form|in a recent paper ofSelman ([Sel90], see that paper for a fuller discussion of the historyof this notion). The following result states that one can tighten thebound on the number of queries needed slightly beyond that foundin [Sel90], and can extend the range of applicability of Selman'stechnique beyond the sets in NP.Theorem 3.14 Let S be a sparse set and let d be a polynomial-time computable function such that d(n) = nO(1) and (8n)[jjS=njj �d(n)]. There is an FPNPSc \TALLY(1+n(d(n)+12 ))-tt algorithm6 that, on input 1n,outputs all length n strings belonging to S.7A full proof of Theorem 3.14 can be found in [AHH+92].Since a conjunctive reduction is a positive reduction, if S is in NP,then NPSc = NP. In this case, the above result states and generalizesSelman's result that all sparse NP sets are printable via parallelaccess to NP. Recall that a set L is P-printable [HY84] if there isa polynomial-time computable function f such that, for every n, oninput 1n the function f outputs a list of all strings in L of length atmost n; relativized P-printability is de�ned analogously.Corollary 3.15 If S is a sparse set, then S is PNPSc\TALLYtt -printable. In particular, all sparse sets are PTALLYtt -printable [Rub90],and all sparse NP sets are PNP\TALLYtt -printable [Sel90].6That is, a polynomial-time machine given 1 + n�d(n)+12 � parallel queries to aset in NPSc , the class of sets that nondeterministically conjunctively reduce [LLS75]to S.7Clearly, the algorithm requires no queries for the case d(n) = 0, and it can beseen that there are relativized worlds in which for some set S having at most onestring of each length it holds that 1+ n�1+12 � = n+1 queries are actually required.We commend to the reader the open question of whether the 1 + n�d(n)+12 � boundcan be replaced in general by some tighter bound; we conjecture that it cannot. Atissue here is the rather interesting question of the exact amount of parallel accessneeded to recover information about sparse sets.



3.2 ModkP and Nearly Near-Testable Sets 193.2 ModkP and Nearly Near-Testable SetsModkP [CH90,BGH90] is the class of sets L for which there is anondeterministic polynomial-time Turing machine M such that forevery x, x 2 L if and only if the number of accepting computationpaths of M on x is not a multiple of k.By applying a di�erent proof technique we obtain results similar toCorollary 3.4 for the classes ModkP, k � 2.De�nition 3.16 A set L is rotatively one word-decreasing self-reducible if there exist a deterministic polynomial-time TuringtransducerM and a polynomial p satisfying the following conditions:1. L is a set of strings of the form hx; y; ii with i < p(jxj),2. for every x and for every y; z, there is some d < p(jxj) suchthat for every i < p(jxj), �L(hx; y; ii) = �L(hx; z; i � di), wherei � d = (i + d) mod p(jxj), and3. for every x and y, either(a) M(x; y) outputs �L(hx; y; 0i) � � � �L(hx; y; p(jxj) � 1i) 2�p(jxj), or(b) M(x; y) outputs d < p(jxj) such that for every i < p(jxj),�L(hx; y; ii) = �L(hx;pred(y); i � di).Theorem 3.17 Any rotatively one word-decreasing self-reducible setthat conjunctively reduces to a sparse set is in P.We prove Theorem 3.17 at the end of this section.Since each set in ModkP, k � 2, is many-one reducible to arotatively one word-decreasing self-reducible set in ModkP (in fact,these are essentially the strictly one word-decreasing self-reducible setsof [OL] that are complete for ModkP) we have the following corollary.Corollary 3.18 For each k � 2: if ModkP has a sparse conjunctively-hard set then P = ModkP.Proof of Corollary 3.18Let L be an arbitrary set in ModkP. Let W be in P and let p be apolynomial such that for all xx 2 L() jjf y 2 �p(jxj) j hx; yi 2W gjj 6� 0(modk):



20 3 SETS REDUCING TO SPARSE SETSDe�ne A to be the set of strings of the form hx; y; ii such that z isnot equivalent to i modulo k, where z is the number y0 2 �p(jxj) suchthat y0 � y and hx; y0i 2W . Note that� A is rotatively one word-decreasing self-reducible and� for every x, x 2 L i� hx; 1m(jxj); 0i 2 A, and thus, L is many-onereducible to A.So, if ModkP has a sparse conjunctively-hard set S, then A �pc S, andso A 2 P. Thus L 2 P.For nearly near-testable sets [HH91], the class of sets that have\implicit" polynomial-time membership tests, a result similar toTheorem 3.17 holds.De�nition 3.19 [HH91] A set A is nearly near-testable if thereexists a polynomial-time function N : �� ! ftrue; false;$; 6$g suchthat for every x one of the following holds (x � 1 denotes the stringlexicographically preceding x):� N(x) = true and x 2 A� N(x) = false and x 62 A� x 6= � and N(x) =$ and (x 2 A () x� 1 2 A)� x 6= � and N(x) = 6$ and (x 2 A () x� 1 62 A)Theorem 3.20 Any nearly near-testable set that conjunctivelyreduces to a sparse set is in P.A full proof of Theorem 3.20 can be found in [AHH+92]. Below weprove Theorem 3.17.Proof of Theorem 3.17:Let L be a rotatively one word-decreasing self-reducible set, ascerti�ed by machine M and polynomial p as in De�nition 3.16.Suppose that L is Rc-reducible to a sparse set S via a function f .We will give a polynomial-time algorithm for L. Without loss ofgenerality, we may assume that there exist polynomials q and r suchthat for every w, f(w) is an encoding of a set in ��q(jwj) and forevery n, jjS�q(n)jj � r(n). Let w0 = hx0; y0; i0i be a �xed inputwhose membership in L we are testing. As we have �xed the input,



3.2 ModkP and Nearly Near-Testable Sets 21let p; q; and r denote p(jx0j), q(jw0j), and r(jw0j), respectively. LetI = f0; � � � ; q � 1g. For a; b 2 I, let a � b = (a + b) mod q.For a string y, let �(y) denote �L(hx; y; 0i) � � � �L(hx; y; p� 1i). Fora string u 2 �p and d 2 I, let �(u; d) denote ud+1 � � �upu1 � � � ud. Notethat, by de�nition, for every y, it holds that(�) M(x0; y) is either �(y) or d 2 I such that�(y) = �(�(pred(y)); d).For a string y and i 2 I, let w(y; i) denote hx0; y; ii. An argumentsequence is a sequence (A0; � � � ; Ap�1) with each Ai � ��q. Anargument sequence A = (A0; � � � ; Ap�1) is said to be correct for astring y if for every i 2 I, w(y; i) 2 L i� Ai � S. Note thatif A = (A0; � � � ; Ap�1) is correct for y, then for every i 2 I withjjAijj > r, w(y; i) 62 L because jjS�qjj � r. For an argumentsequence A = (A0; � � � ; Ap�1) and d 2 I, A(d) denotes an argumentsequence (Ad; � � � ; Ap�1; A0; � � � ; Ad�1). Let A = (A0; � � � ; Ap�1) andB = (B0; � � � ; Bp�1) be given two argument sequences. We writeB �L A to denote that for every i 2 I with jjAijj � r, Bi � Ai.Also, A S B denotes (A0[B0; � � � ; Ap�1[Bp�1). For y, �y denotes theargument sequence de�ned by (f(w(y; 0)); � � � ; f(w(y; p � 1))). Notethat �y is correct for y for every y.Claim 1 Let A = (A0; � � � ; Ap�1) and B = (B0; � � � ; Bp�1) beargument sequences that are correct for y and z, respectively. Letd 2 I be such that B(d) �L A. Then, �(�(z); d) = �(y).Proof of Claim 1: Let A, B, y, z, and d be as in the hypothesis.Since A is correct for y, for every i 2 I, w(y; i) 2 L i� (jjAijj � rand Ai � S). Since B(d) �L A, for every i 2 I with jjAijj, Bi�d � Ai,and thus, for every i 2 I with w(y; i) 2 L, w(z; i � d) 2 L. Since Bis correct for z, this implies that for every i 2 I with w(y; i) 2 L,w(z; i � d) 2 L. Since the number of i with w(y; i) 2 L is equal tothe number of i with w(z; i) 2 L, we have that for every i 2 I withw(y; i) 62 L, w(z; i � d) 62 L. Thus, �(�(z); d) = �(y).Claim 2 Let A = (A0; � � � ; Ap�1) and B = (B0; � � � ; Bp�1) beargument sequences that are correct for y and z, respectively. Letd 2 I be such that B(d) �L A. Then1. if M(x0; z) = u for some u 2 �p, then �(u; d) = �(y), and



22 3 SETS REDUCING TO SPARSE SETS2. if M(x0; z) = e for some e 2 I, then �(�(pred(z)); e � d) =�(y), and A S �y(e � d) = (A0 [ f(w(pred(z); e � d)); � � � ; Ap�1 [f(w(pred(z); (p � 1) � (e � d)))) is correct for y.Proof of Claim 2: Let A, B, y, z, and d be as in the hypothesis.From Claim 1, we have �(y) = �(�(z); d). Suppose that M(x0; z) = ufor some u 2 �p. By de�nition, u = �(z), and thus �(y) = �(u; d).On the other hand, suppose that M(x0; z) = e for some e 2 I. Asdiscussed previously, it holds that �(z) = �(�(pred(z)); e). By taking�(�; d) of both sides, we have �(�(z); d) = �(�(�(pred(z)); e); d), andthus, �(y) = �(�(pred(z)); e � d).By de�nition, (f(w(pred(z); 0)); � � � ; f(w(pred(z); p�1))) is correctfor pred(z). Thus, for every i 2 I, w(y; i) 2 L i� Ai � S i�w(y; i � d � e) 2 L i� f(w(y; i � d � e)) � S. So, w(y; i) 2 L i�Ai [ f(w(y; i � d � e)) � S. This proves the claim.Now we de�ne the algorithm. We operate on d, a string y, and anargument sequence A = (A0; � � � ; Ap�1). Initially, we set y to y0, dto 0, and Ai to f(w(y0; i)) for each i 2 I, so that the following twoconditions are satis�ed:(c1) A is correct for y0, and(c2) �(�(y); d) = �(y0).The main part of the algorithm is the repetition of two steps de�nedbelow. We require that at the beginning of the �rst step both (c1)and (c2) hold.First, we �nd z � y such that(d1) for some c 2 I, �z(c) �L A, and(d2) eitherM(x0; z) 2 �p or there is no e such that �pred(z)(e) �L A.Note that, under the assumption that (c1) and (c2) hold at thebeginning of this step, we have (i) every z � y satis�es at least one ofthese conditions, (ii) z = y satis�es (d1), and (iii) z = � satis�es (d2).So, by executing a simple divide-and-conquer algorithm over [�; y], wecan easily �nd z for which (d1) and (d2) are satis�ed. We set c to oneof the values establishing (c1).Next, we compute M(x0; z). If this is in �p, from Claim 1, �(y0) =�(�(z); c) = �(M(x0; z); c). So, w0 = w(y0; i0) is in L i� w(z; i0 � c) 2



23L, and this is easily computed from the output of M . Hence, ifthis is the case, we obtain �L(w0) and we accept w0 i� it is 1. IfM(x0; z) is not in �p, i.e., it is in I, let e be the value and we setAi to Ai [ f(w(z; i � c � e)) for every i, and set A to the resultingsequence. We claim that A is correct for y0. This is seen as follows.Clearly, �pred(z) is correct for pred(z). Since M(x0; z) = e, �pred(z)(e)is correct for z. Since �z(c) �L A, �pred(z)(c � e) is correct for y0. So�pred(z)(c � e) S A is correct for y0.After executing the above two steps, we set y to pred(z) and dto c � e. At this point, if Ai0 has more than r elements, then sinceAi0 � S i� w0 2 L and it is impossible that Ai0 � S, we reject w0 andterminate the algorithm. If Ai0 has at most r elements, we go backto the start of the �rst step and repeat these two steps.Note that each time A is updated there is some i 2 I such that Aigets at least one new element. So the loop is executed at most O(pr)times, and this is bounded by some polynomial in jw0j. It is not hardto see that all the other operations can be done in time polynomialin jw0j, and the algorithm correctly decides whether w0 2 L. SoL 2 P.4 Reductions to Simple Sparse SetsIn this section, we explore the second question mentioned in theintroduction:If a set A reduces to a sparse set, does it follow that Ais reducible to some sparse set that is \simple" relative toA?Earlier work along these lines has been done both for the case (whichis also the case of this paper) of reductions less 
exible than Turingreductions [AHOW92] and for the case of Turing reductions [GW].However, both these papers are concerned with \equivalence," andthis saddles the results with weaknesses that are best illustrated byan example.Theorem 4.1 [AHOW92] If P = NP and set A 2-truth-tablereduces to a sparse set S, then there is another sparse set bS to whichA is truth-table equivalent.



24 4 REDUCTIONS TO SIMPLE SPARSE SETSThe key point to notice here is that no claim is being madethat A 2-truth-table reduces to bS; the \equivalence" claim hides aslippage (from 2-truth-table potentially to truth-table, though in fact[AHOW92] holds the slippage to 5-truth-table) of the complexity ofthe reduction from A. This is not a trivial point; the slippage iscrucial to the structure of earlier proofs. When reducing a set Ato a sparse set via a certain �xed reducing function (we speak nownot of the reduction type, such as 2-truth-table, but of the actualfunction that generates the queries), there will in general be manypossible sparse sets to which A reduces; however, for the sparse setto be consistently de�ned by a reduction back to A, exactly one suchset must be selected. The slippage in earlier results occurs exactlybecause of the cost of the disambiguating down to a single sparse set.We now show that one can obtain results that contain no slippageat all. Very informally, to do this we avoid coding too much of thedisambiguating information into the sparse set. Using this type ofapproach, we obtain the following results. (Note that Theorems 4.3and 4.4 are incomparable.)Theorem 4.2 If A �pbd S for some sparse set S, then there is a sparseset bS such that A �pbd bS and bS 2 PNPA[log].Theorem 4.3 If A �p2-tt S for some sparse set S, then there is asparse set bS such that A �p2-tt bS and bS 2 PNPA[log].Theorem 4.4 For k = 2 and k = 3: If A �pk-d S for some sparse setS, then there is a sparse set bS such that A �k-d bS and bS 2 PNP�A.Theorem 4.5 If A �pd S for some sparse set S, then there is a sparseset bS such that A �pd bS and bS 2 PNPA.Theorem 4.6 If A �pc S for some sparse set S, then there is a sparseset bS such that A �pc bS and bS 2 NPA.The rest of this section is devoted to proving Theorems 4.2and 4.3. Detailed proofs of Theorems 4.4, 4.5, and 4.6 can be foundin [AHH+92].We introduce some notations and lemmas that will be helpful inproving Theorem 4.2. We say that A �pk-d B via � if � is a polynomial-time function such that, for all x, jj�(x)jj � k and [x 2 A ()



25�(x) \ B 6= ;]. A collection of distinct sets a1; : : : ; ah is called an h-sun
ower if the intersection ai\aj is the same for every pair of distinctindices; the common part ai \ aj is called the center of the sun
ower.A collectionW of sets is called h-compact if there are no subcollectionsof W that are (h+1)-sun
owers. The following combinatorial lemmaabout sun
owers, due to Erd}os and Rado [ER60] (see also [BS90]),will be used extensively.Lemma 4.7 [ER60] If W is an h-compact collection of sets, eachof cardinality at most k, then there are at most hkk! sets in W .The proof of Theorem 4.2 is obtained from the following technicallemma.Lemma 4.8 Let k � 1. Suppose that A �pk-d S via � and B, D aretwo sets such that:1. S is a sparse set,2. D 2 NPA�B , S \D = ;, and3. � satis�es the following \honesty" condition: a polynomial-timefunction r exists such that, for all z and y, z 2 �(y) ) jyj =r(0jzj), and for some polynomial p, (8n) [r(0n) � p(n)].Then there is a sparse set bS such that A �pk-d bS via �, bS 2 PNPA�B [log],and bS \D = ;.Proof of Lemma 4.8:The idea can be expressed intuitively as follows. If many strings inA query the same strings in a set c of cardinality less than k, thena simple sparse set S 0 can be found by induction. Other queries canbe proved by Lemma 4.7 to be covered by a sparse set S00 whosesimplicity, relative to A, is shown by an algorithm for checking h-compactness.The proof is by induction on k. If k = 1, de�ne bS = fz j (9y)[jyj =r(0jzj) and y 2 A and z 2 �(y)]g. It is easy to verify that bS satis�esthe thesis. Indeed, in this case it even holds that bS 2 NPA.Let k > 1, and suppose that A �pk-d S via � and B, D are two setsthat satisfy conditions (1)-(3). Since � is computable in polynomialtime and S is a sparse set, there exists a polynomial p such that, forall y and z, z 2 �(y) ) jzj � p(jyj), and, for all n, jjS�njj � p(n).



26 4 REDUCTIONS TO SIMPLE SPARSE SETSLet q be a polynomial such that q(n) > p(p(n)). The crucial fact thatallows us to apply the inductive hypothesis is the following claim,which follows from the sparseness bound and is stated without proof.Claim 1 If y1; : : : ; yh 2 A are such that jy1j = � � � = jyhj, h = q(jy1j),and the collection of sets �(y1); : : : ; �(yh) is an h-sun
ower whosecenter is c, then c \ S 6= ;.Observe that, in the case described in Claim 1, the cardinality of thecenter c certainly is strictly less than k. For each m = 1; : : : ; k � 1,de�ne Am and �m as follows: Am = fhy1; : : : ; yhi j y1; : : : ; yh 2 Aand jy1j = � � � = jyhj and h = q(jy1j) and f�(y1); : : : ; �(yh)g is anh-sun
ower whose center has cardinality m g, and�m(y) = 8>>><>>>: c if y = hy1; : : : ; yhi and jy1j = � � � = jyhj andh = q(jy1j) and f�(y1); : : : ; �(yh)g is an h-sun
owerwhose center c has cardinality m; otherwise.Now, we prove that for allm, 1 � m � k�1, it holds that Am �pm-dS via �m. Take m such that 1 � m � k � 1. Suppose that y 2 Am.Then there are y1; : : : ; yh such that y = hy1; : : : ; yhi, h = q(jy1j),y1; : : : ; yh 2 A, jy1j = � � � = jyhj, and f�(y1); : : : ; �(yh)g is an h-sun
ower whose center c has cardinality m; thus �m(y) = c, andfrom Claim 1 it holds that c \ S 6= ;, and so �m(y) \ S 6= ;. Ify = hy1; : : : ; yhi 62 Am, then we have two cases: if there is a string yithat does not belong to A, then �(yi)\S = ; and thus �m(y)\S = ;(since �m(y) � �(yi)); on the other hand, if every yi belongs to A,then, since y 62 Am, it must be the case that �m(y) = ;.Let OUT = fz j (9y)[jyj = r(0jzj) and y 62 A and z 2 �(y)]g, i.e.,the set of strings that are \provably" out of S. Let D0 = D [ OUT .It is easy to see that, for all m, 1 � m � k � 1, it holds that Am, S,�m, A �B, and D0 satisfy conditions (1)-(3) (with Am ! A, S ! S,�m ! �, A � B ! B, D0 ! D), so we can apply the inductivehypothesis, which ensures, for every 1 � m � k � 1, the existence ofa sparse set Sm such that Am �pm-d Sm via �m, Sm 2 PNPAm�(A�B)[log],and Sm \ D0 = ;. De�ne S0 = S1 [ � � � [ Sk�1; since Am 2 PA, itholds that S 0 2 PNPA�B[log]. Furthermore, if y 62 A then �(y) \ S0 = ;(since S 0 \ D0 = ;). Unfortunately, if y 2 A we cannot prove that�(y) \ S 0 6= ;, thus we have to add other elements to S0. Consider



27the collection of sets that are not \covered" by S 0 : V = fa j (9y)[y 2A and �(y) = a] and a \ S 0 = ;g. This collection of sets can besubdivided into subcollections: Vn = fa j a 2 Hn and a \ S 0 = ;g,where Hn = fa j (9y)[y 2 A and jyj = n and �(y) = a]g. ClearlyV = Sn Vn. The collection Vn has the following important property.Claim 2 If a 2 Vn then there is no collection E such that E � Hn,a 2 E, and E is a q(n)-sun
ower.Proof of Claim 2: Let a 2 Vn. Suppose that there exists acollection E � Hn with a 2 E, and E is a q(n)-sun
ower. Thenthere exist y1; : : : ; yh with h = q(n), such that y1; : : : yh 2 A,jy1j = � � � = jyhj = n, �(y1) = a, and f�(y1); : : : ; �(yh)g = E.Let c be the center of E, and m = jjcjj < k. Thus it holds thathy1; : : : ; yhi 2 Am and �m(hy1; : : : ; yhi) = c, and, since Am �pm-d Sm,it follows that c \ Sm 6= ;. Furthermore, c � �(y1) = a, and thusa \ Sm 6= ;, which contradicts the assumption that a 2 Vn.Claim 2 suggests consideration of the following collection: Wn =fa j a 2 Hn and there is no collection E such that E � Hn, a 2 E,and E is a q(n)-sun
ower g. De�ne S00 = fz j (9a)[a 2 Wr(0jzj) andz 2 a]g �D0, and bS = S0 [ S 00. From the de�nition of Wn it is clearthat Wn is (q(n)� 1)-compact, thus by Lemma 4.7 S00 is a sparse set.Furthermore, it is not hard to verify that A �pk-d bS via �. It remainsto show that S00 2 PNPA�B[log]. A na��ve algorithm, based directly onthe de�nitions of S 00 and Wn, yields only S 00 2 �p;A�B2 . In order toaccomplish our goal we need the following algorithm, which, given acollection of sets T and an integer h, \approximately" checks whetheror not T is h-compact. We assume a total ordering of all �nite setsof strings.



28 4 REDUCTIONS TO SIMPLE SPARSE SETSAPPROX(T ,h)beginfor each subset c of some set a 2 T doI := ;m := 0while m = 0 do�nd (if such exists) the minimum (with respect tothe total ordering of �nite sets) set a 2 T such that:(1) a 62 I, (2) c � a, and (3) (8b 2 I)[b \ a = c]if such a exists then I := I [ fagelse m := jjIjjendend (*while*)if m > h then reject endend (*for*)acceptendThe above algorithm has the following properties.1. If the cardinalities of the sets of the input collection T arebounded by a constant then APPROX runs in polynomial time.2. If (8a 2 T )[jjajj � k] and APPROX(T ,h) accepts then T iskh-compact.3. If APPROX(T ,h) rejects then T is not h-compact.4. If APPROX(T ,h) accepts and APPROX(T [fag,h) rejects thenthere is a collection E � T [ fag such that a 2 E and E is a(h+ 1)-sun
ower.Properties (1), (3), and (4) are easy to prove. In order to proveproperty (2) we need the following.Claim 3 Let E and F be two collections of sets with each set ofcardinality at most k. If E is a m-sun
ower and F is a `-sun
owerwhose center is the same of that of E, then there exist at least m� `ksets a in E such that F [ fag is a (`+ 1)-sun
ower.Proof of Claim 3: Let E = fa1; : : : ; amg, F = fb1; : : : ; b`g, andlet c be the common center of E and F . Clearly, if F � E then theassertion is true. Hence, in the following we suppose that F 6� E.



29The proof is by induction on `. Let ` = 1, de�ne, for each i =1; : : : ;m, di = (ai \ b1)� c. Since fa1; : : : ; amg is a m-sun
ower whosecenter is c, it holds that, for all distinct i; j, di\ dj = ;. Furthermore,for each i = 1; : : : ;m, di � b1 and jjb1jj � k, thus there are at leastm � k sets di such that di = ;. It follows that there are at leastm� k sets a in E such that a 6= b1 and a \ b1 = c, that is, fb1; ag is a2-sun
ower.Let ` > 1, since F 6� E, we can assume that b` 62 E. Applyingthe inductive hypothesis to fb1; : : : ; b`�1g we obtain that there areat least m � (` � 1)k sets a in E such that fb1; : : : ; b`�1; ag is a `-sun
ower. Without loss of generality, we can assume that, for eachi = 1; : : : ; n with n = m� (` � 1)k, fb1; : : : ; b`�1; aig is a `-sun
ower.De�ne, for each i = 1; : : : ; n, di = (ai \ b`) � c. Since fa1; : : : ; angis a n-sun
ower whose center is c, it must be the case that, for alldistinct i; j, di \ dj = ;. Furthermore, for each i = 1; : : : ; n, di � b`and jjb`jj � k. Thus, there are no less than n � k sets di such thatdi = ;. It follows that there are at least m� `k sets a in E such thatF [ fag is a (`+ 1)-sun
ower.Suppose that T is not kh-compact. This means that a subcollectionE of T exists that is a (kh+ 1)-sun
ower. Let c be the center of E.Claim 3 implies that the while-loop of APPROX(T ,h), relative to c,makes at least h+1 iterations, and thus APPROX(T ,h) rejects. Thiscontradicts the assumption that APPROX(T ,h) accepts.A useful consequence of property (4) is the following.Claim 4 If T � Hn and APPROX(T ,q(n)) accepts thenAPPROX(T [Wn, q(n)) accepts.Proof of Claim 4: By induction on the cardinality of Wn, usingproperty (4) of APPROX.Let mn = maxfjjT jj j T � Hn and APPROX(T ,q(n)) acceptsg.From Claim 4 we have that if T � Hn, APPROX(T ,q(n)) acceptsand jjT jj = mn (T is maximal), then Wn � T . Thus, if we knewmn and jjWnjj, then given any string z with r(0jzj) = n we couldcheck via one query to a suitable NPA oracle whether or not thereis a set a 2 Wn such that z 2 a. In fact, an NPA machinecan guess a collection T � Hn and verify that jjT jj = mn andthat APPROX(T ,q(n)) accepts (observe that from property (2) ofAPPROX and Lemma 4.7 there is a polynomial that bounds mn),



30 4 REDUCTIONS TO SIMPLE SPARSE SETSsubsequently (let h = mn � jjWnjj) the NPA machine guesses setsa1; : : : ; ah and collections E1; : : : ; Eh such that Ei � Hn, ai 2 Ei \ T ,and ai 6= aj, and veri�es that for every i it holds that Ei is a q(n)-sun
ower; at this point, the computation accepts if and only if thereis a set a 2 T � fa1; : : : ; ahg such that z 2 a.It is not hard to see that mn and subsequently jjWnjj can becomputed in polynomial time via O(log n) queries to a suitable NPAoracle.Proof of Theorem 4.2:Let A �pk-d S via �, and let S be a sparse set. De�ne S 0 = fh0l; xi2 jx 2S and l � 0g, and, for each x, �0(x) = fh0jxjp(jxj); yi2 jy 2 �(x)g, wherep is a polynomial such that, for all y and z, z 2 �(y) ) jzj � p(jyj).It is easy to verify that A �pk-d S 0 via �0, and that A, S0, and �0satisfy conditions (1)-(3) of Lemma 4.8 (with B = D = ;). Thus,applying Lemma 4.8, we obtain a sparse set bS such that A �pk-d bSand bS 2 PNPA[log].We now turn to the proof of Theorem 4.3. Recall, as we discussedearlier, that when reducing a set A to a sparse set via a certain �xedreducing function, there will usually be many possible sparse sets towhich A reduces. For the sparse set to be consistently de�ned bya reduction back to A, exactly one such set must be selected. Thefollowing proof tries to eliminate this ambiguity as follows. Via abinary search for census information, the machine to accept a sparseset (via access to the original set) obtains information about it. Thesearch is \promise"-like (see, e.g., [Sel88]) in that it works only becausethe census is found to be sparse in the previous step. Thus, themachine for the sparse set has obtained census information aboutcertain subsets of the strings in and out of itself; using this, it reduces(taking the case of Proposition 4.18 as an example) all remainingambiguity to a feasible graph coloring problem. Crucially, all inputs(of the same connected component) will obtain the same coloringproblem, and this will cause the sparse set to be consistently andcorrectly de�ned.Proof of Theorem 4.3:Without loss of generality, it is assumed that exactly two queriesare asked in the 2-truth-table reductions. Given an input y, a 2-truth-table reduction generates a truth-table as well as a pair of



31queried strings; the acceptance of the input is decided by lookingup the truth-table using the result of queries as an index. There aresixteen di�erent truth-tables that can be generated; they are shownin Figures 2{7. (In the tables, entry 1 means acceptance, and 0 meansrejection.) Let � (y) denote the truth-table generated on the input y;and, let T be the set of sixteen truth-tables of arity two. For simplicitywe will denote each member of T by its corresponding table numberin Figures 2{7. For each t 2 T , let Bt = fy 2 �� j � (y) = tg. Thefollowing proposition is clear.Proposition 4.9 Let � (�) be a polynomial-time computable functionthat on an input y, generates a truth-table in T . Then the followingholds.(i) (8t 2 T ) Bt 2 P,(ii) (8t; t0 2 T ) [t 6= t0 =) Bt \Bt0 = ;],(iii) St2T Bt = ��.This proposition says that given a 2-truth-table reduction, theinput string domain is completely covered by disjoint polynomial-time sets each of which is associated with a corresponding truth-table.Henceforth, we will call fBt j t 2 T g the decomposition of the inputstring domain associated with the given 2-truth-table reduction.In order to be able to discuss separately each of the truth-tables thatmay be used in a 2-truth-table reduction, we introduce the followingde�nition.De�nition 4.10 Fixed truth-table reductions [Wec85] Atruth-table reduction is called a �xed truth-table reduction if it usesthe same truth-table for all its inputs. We denote such a reductionwith �pt , where t denotes a truth-table: A �pt B means A �ptt B withthe �xed truth-table t. We also denote such a reduction with �pftt: i.e.,A �pftt B with t means A �ptt B with the �xed truth-table t. Similarly,A �pk-ftt B with t means A �pk-tt B with the �xed truth-table t.The next two propositions, together with Proposition 4.9 enable usto �nd a corresponding sparse set individually for each �xed truth-table reduction, and combine the results together to form a full sparseset. The proofs are straightforward and we leave them as a exerciseto the reader. Note that in Proposition 4.11, the truth-table 2 is given



32 4 REDUCTIONS TO SIMPLE SPARSE SETSa special treatment since the only set that 2-truth-table reduces viathe truth-table 2 is ��.Proposition 4.11 Let A be a set that 2-truth-table reduces to asparse set. Let fBt j t 2 T g be the decomposition of the inputstring domain associated with the 2-truth-table reduction. Then thefollowing holds.(i) (8t 2 T ) [t 6= 2 =) (9St 2 SPARSE) Bt \A �pt St],(ii) t = 2 =) (9St 2 SPARSE \ P) Bt \A �p2-tt St.Proposition 4.12 Let C be a complexity class such that for everyoracle D (i) CD is closed under �pm, (ii) CD has a �pm-complete set,and (iii) for any B 2 P, CB\D � CD. Let A be a set that 2-truth-tablereduces to a sparse set. Let fBt j t 2 T g be the decomposition ofthe input string domain associated with the 2-truth-table reduction.Suppose that for all t 2 T , there exists a sparse St 2 CBt\A such thatBt \ A �p2-tt St. Then there exists a sparse set bS 2 CA such thatA �p2-tt bS.Clearly, for every oracleD, PNPD[log] quali�es as the complexity classCD in Proposition 4.12. To establish the theorem, it remains to showthat Proposition 4.11 implies that for all t 2 T , there exists a sparseSt 2 PNPBt\A[log] such that Bt \ A �p2-tt St. Propositions 4.13{4.18below accomplish this task. In the following propositions, on input yto the reduction A �p2-ftt S, g1(y) and g2(y) denote the �rst and thesecond queried strings, respectively. g(y) denotes the set of queriedstrings on input y, i.e., fg1(y); g2(y)g. We say that A �p2-ftt S via g.Proofs of the following two propositions are immediate, and thusare omitted.Proposition 4.13 If A �p2-ftt S via g with any of the truth-tables ofFigure 2, and S is sparse, then there exists a sparse set S0 in PA suchthat A �p2-ftt S0 via g with the same truth-table.Proposition 4.14 If A �p2-ftt S via g with any of the truth-tablesof Figure 3, and S is sparse, then there exists a sparse set S0 in NPAsuch that A �p2-ftt S 0 via g with the same truth-table.



33Table First Query Answered yes First Query Answered noNumber 2nd Ans. yes 2nd Ans. no 2nd Ans. yes 2nd Ans. no1 0 0 0 02 1 1 1 1Figure 2: Trivial truth-tables of arity two.Table First Query Answered yes First Query Answered noNumber 2nd Ans. yes 2nd Ans. no 2nd Ans. yes 2nd Ans. no3 0 0 1 14 1 1 0 05 0 1 0 16 1 0 1 0Figure 3: 1-tt-related truth-tables of arity two.Proposition 4.15 If A �p2-ftt S via g with any of the truth-tablesof Figure 4, and S is sparse, then there exists a sparse set S0 in NPAsuch that A �p2-ftt S 0 via g with the same truth-table.Table First Query Answered yes First Query Answered noNumber 2nd Ans. yes 2nd Ans. no 2nd Ans. yes 2nd Ans. no7 0 0 1 08 1 1 0 19 0 1 0 010 1 0 1 1Figure 4: Implication-related truth-tables of arity two.Proof of Proposition 4.15: These tables are variations of thetruth-table for implication. We prove for the case of truth-table 10.The other cases can be proved similarly.Without loss of generality, we assume that g1 and g2 are honest andthat for all y, g1(y) and g2(y) begin with 0 and 1, respectively. LetS1 = f0x j (9y)[y 2 A ^ 0x 2 g(y)]g. S1 has the strings in S thatguarantee all the strings in A to be rejected. However, some of thestrings in A may also get rejected if S1 is used instead of S in thereduction. In order to remedy this problem, we add S2 to S 0, where



34 4 REDUCTIONS TO SIMPLE SPARSE SETSS2 is given byS2 = f1x j (9x0; y1; y2)[y1 2 A ^ y2 2 A ^ 0x0 2 g(y1) ^ g(y2) = f0x0; 1xg]g.Since S2 contains only second queries, there is no more chaining of sidee�ects. Note that, if the �rst and second queries were not separated,some strings in S2 might be used as �rst queries, potentially leadingto a chain of side e�ects. Let S 0 = S1 [ S2. It is easy to verify thatS 0 � S and S 0 satis�es the theorem.The following proposition is essentially a special case ofTheorem 4.6.Proposition 4.16 If A �p2-ftt S via g with any of the truth-tablesof Figure 5, and S is sparse, then there exists a sparse set S0 in NPAsuch that A �p2-ftt S 0 via g with the same truth-table.Table First Query Answered yes First Query Answered noNumber 2nd Ans. yes 2nd Ans. no 2nd Ans. yes 2nd Ans. no11 1 0 0 012 0 1 1 1Figure 5: Conjunctive-related truth-tables of arity two.Proof of Proposition 4.16: These tables are variations of thetruth-table for conjunction. Without loss of generality, we assumethat g1 and g2 are honest. It is easy to see that, for the case of truth-table 11, S 0 = fx j (9y)[y 2 A ^ x 2 g(y)]g satis�es the condition.The other case can be proved similarly.The following proposition is essentially a special case ofTheorem 4.2. We omit its proof.Proposition 4.17 If A �p2-ftt S via g with any of the truth-tables ofFigure 6, and S is sparse, then there exists a sparse set S 0 in PNPA[log]such that A �p2-ftt S 0 via g with the same truth-table.Proposition 4.18 If A �p2-ftt S via g with any of the truth-tables ofFigure 7, and S is sparse, then there exists a sparse set S 0 in PNPA[log]such that A �p2-ftt S 0 via g with the same truth-table.



35Table First Query Answered yes First Query Answered noNumber 2nd Ans. yes 2nd Ans. no 2nd Ans. yes 2nd Ans. no13 1 1 1 014 0 0 0 1Figure 6: Disjunctive-related truth-tables of arity two.Table First Query Answered yes First Query Answered noNumber 2nd Ans. yes 2nd Ans. no 2nd Ans. yes 2nd Ans. no15 0 1 1 016 1 0 0 1Figure 7: Exclusive-or-related truth-tables of arity two.Proof of Proposition 4.18: These tables are variations of thetruth-table for exclusive-or. We prove for the case of truth-table 15.The other case can be proved similarly.We will show that, given a string x, we can determine whetherx 2 S0 for some unambiguously determined S 0, which is a well-behavedapproximation to S. Although we cannot guarantee S0 � S, wecan make sure that S0 is sparse and satis�es the requirements of theproposition.Without loss of generality, assume that there exists a polynomial-time computable and invertible one-to-one function h : 0� ! 0� suchthat for all y 2 ��, it holds that 0jg1(y)j = 0jg2(y)j = h(0jyj). (Thiscondition makes the sparseness of S0 very simple to argue.) Let Dx =fy 2 �� j 0jyj = h�1(0jxj)g, i.e., the set of strings, when reduced, mightquery x. Let g(A) = Sy2A g(y). Clearly, jjg(Dx) \ Sjj is bounded bya polynomial in jxj; let s(jxj) denote this polynomial bound.Let G1 = fg(y) j y 2 Dx \ Ag, G2 = fg(y) j y 2 Dx \ Ag, andG = G1 [ G2. The problem can be easily visualized using the graphde�ned by the set of edges G. G consists of two di�erent types ofedges: exclusive-or type and coexistence type. The edges in G1 areof exclusive-or type: of the two nodes of each edge in G1, one is in Swhile the other is in S. The edges in G2 are of coexistence type: thetwo nodes of each edge in G2 either both are in S or both are in S.Suppose that a sparse set S 0 is chosen, and that all the elements inS 0 are given the same color while those in S 0 are given another color.



36 4 REDUCTIONS TO SIMPLE SPARSE SETSIt is easy to see that, in order to satisfy the requirement of the aboveproposition, it su�ces to show that the two endpoints of each edgein G1 are colored di�erently while those of each edge in G2 have thesame color. Thus, the problem of choosing S 0 can be considered as atwo-coloring problem in which the sets G1 and G2 has to be preserved.We now describe a PNPA[log] algorithm to choose such S 0.(1) Check if there exists a connected component of G that contains xand at least 2s(jxj) other nodes. This can be checked by askinga single query (with m = 2s(jxj) + 1) to an NPA oracle de�nedby the following machine description.Machine MA on input h0m; xiGuess a graph G0 with m distinct vertices.If G0 contains x, and forms a connected subgraph of G,then accept.If such a connected component (G0) does not exist, proceed tostep (2). Otherwise, accept x if and only if x 2 S. This canbe checked by asking a single query to an NPA oracle similar tothe above one since x 2 S if and only if x has the less populouscolor in a two-coloring of G0.(2) Find GL, the set of edges in the maximal connected subgraphof G that contains x. Obviously, GL is unique. Moreover,since GL has no more than 2s(jxj) nodes, it has no more thans(jxj)(2s(jxj) � 1) edges. Hence, GL can be found along somecomputation path of an NPA machine, once jjGLjj is known.Accept x if and only if x has the less populous color in a two-coloring of GL.Note that jjGLjj can be obtained by a binary search using anNPA oracle de�ned by the following machine description.Machine MAGL on input h0m; xiGuess a graph G0 with m distinct edges.If G0 contains x, and forms a connected subgraph of G,then accept.Clearly, both the steps (1) and (2) maintain jjS 0=jxjjj � jjS=jxjjj,thereby keeping S 0 sparse. It is easy to see that S 0, via the reduction



37g, preserves G1 and G2; this proves the correctness of the algorithm.It is not hard to �ll in the details of the algorithm in a way thatguarantees that S 0 2 PNPA[log].The above Propositions 4.13{4.18, together with Proposition 4.11and Proposition 4.12, prove Theorem 4.3.5 Low Instance Complexity andPolynomial-Time ReductionsInstance complexity, as de�ned by Ko, Orponen, Sch�oning, andWatanabe [KOSW86,Orp90,KOSW90], is a notion of the complexityof speci�c instances of a problem|a topic that standard complexitytheory is ill-suited to study (as any single instance is trivial). Inthis paper, we are primarily concerned with sets of \low" instancecomplexity: IC[log,poly] (introduced in [KOSW86]).De�nition 5.1 We say that a set A is in IC[log,poly] if there exist aconstant c > 0, a polynomial t and a set � � �� of programs8 suchthat for every x 2 ��1. there exists a p 2 ��c log (jxj)+c such that p decides x in timet(jxj) according to A, and2. for every p 2 � it holds that if p decides x in time t(jxj) then pdecides x according to A.We show that the sets of low instance complexity are intimatelyrelated to the study of reductions to sets of low information content.In particular, a set A is of low instance complexity if and only if it bothconjunctively and disjunctively reduces to tally sets (say T0 and T1,respectively). Note that this implies that A reduces disjunctively andconjunctively to the single tally set: f02i j 0i 2 T0g [ f02i+1 j 0i 2 T1g.Theorem 5.2 A is in IC[log,poly] if and only if there exist tally setsT0 and T1 such that A �pc T0 and A �pd T1.8For a �xed e�cient universal machine. In fact, \p decides x in time � � �" in thisde�nition refers to the run of the �xed universal machine on hp; xi. We refer thereader to [Orp90, p. 21] for details of the universal machine scheme.



38 5 LOW INSTANCE COMPLEXITYProof of Theorem 5.2:For A 2 IC[log,poly], let c be a constant, t be a polynomial and �be a set of programs as in De�nition 5.1. We denote by ord(p) theposition of the string p in the lexicographical enumeration of ��. Wecan encode � into the tally set T = f0ord(p) jp 2 �g. Let g be a truth-table condition generator that on input x computes the disjunction ofthe encodings 0ord(p) of length less than or equal to c log(jxj)+c for allprograms p that accept x in time t(jxj). Then A �pd T via g since x isin A if and only if there exists a program in ��c log (jxj)+c that acceptsx in time t(jxj).Since IC[log,poly] is closed under complementation, this proves alsothe inclusion IC[log,poly] � Rpc(TALLY).For the reverse inclusion, let A �pc C and A �pd D where C and Dare tally sets, and gc and gd are the respective polynomial-time truth-table condition generators. We assume that all generated queries arein 0�. For every 0i 2 0� it is easy to construct a program pci that oninput x computes gc(x) = y1 ^ : : : ^ ym and rejects if 0i 2 fyj j 1 �j � mg. Otherwise pci goes into an in�nite loop. It is clear thatthe running time of pci is polynomially bounded on all inputs thatit rejects, and that the size of pci is O(log(i)). For every x 62 A theconjunction gc(x) contains a query 0j 62 C. Thus for every x 62 A thereexists an index j, polynomially bounded in jxj, such that 0j 62 C andpcj on input x rejects.Similarly, for every 0i 2 0� there is a program pdi that on input xcomputes gd(x) = z1 _ : : : _ zm and accepts if 0i 2 fzj j 1 � j � mg.Otherwise it goes into an in�nite loop. The programs pdi are alsoO(log(i)) in size and have polynomial running time on all inputs thatare accepted. For every x 2 A the disjunction gd(x) contains a query0j 2 D. Thus for every x 2 A there exists an index j, polynomiallybounded in jxj, such that 0j 2 D and pdj on input x accepts.Hence, taking � = fpdj j 0j 2 Dg [ fpcj j 0j 62 Cg as the set ofprograms, it follows that A 2 IC[log,poly].Using the above characterization of IC[log,poly] it is easy to seethat IC[log,poly] is closed under bounded truth-table reductions(a di�erent proof that explicitly constructs programs appears in[KOSW90]):



39Theorem 5.3 [KOSW90] IC[log,poly] is closed downward under�pb-reductions.Proof of Theorem 5.3:It is easy to see that coRpd(TALLY) = Rpc(TALLY), whichimmediately implies the closure of Rpd(TALLY) \ Rpc(TALLY) undercomplementation. In fact, for every setA in Rpd(TALLY)\Rpc(TALLY)there exists a single tally set T such that A and A are in Rpd(T )\Rpc(T )and thus Rpd(TALLY) \ Rpc(TALLY) is also closed under one truth-table reductions.The second observation is that Rpbc(Rpd(TALLY)) �Rpd(Rpbc(TALLY)) � Rpd(Rpm(TALLY)) � Rpd(TALLY). Here we usethat Rpbc(TALLY) = Rpm(TALLY) (see [Ko89]).Similarly, Rpbd(Rpc(TALLY)) � Rpc(TALLY), and thus it follows thatRpd(TALLY) \ Rpc(TALLY) is closed under bounded conjunctive andbounded disjunctive reducibilities. Combining this, we getRpb(IC[log,poly]) = Rpb(Rpd(TALLY) \Rpc(TALLY))� Rpbc(Rpbd(Rp1�tt(Rpd(TALLY) \ Rpc(TALLY))))� Rpd(TALLY) \Rpc(TALLY) = IC[log,poly]:Corollary 5.4 [KOSW90] If P 6= NP and A is �pb-hard for NP,then A 62 IC[log;poly].Proof of Corollary 5.4:Suppose that a bounded truth-table hard set for NP is in IC[log,poly].It follows by Theorem 5.3 that NP � IC[log,poly]. From the result of[KOSW86] that if a set of low instance complexity is many-one hardfor NP then P = NP, it follows that P = NP.Using Theorem 5.2 and the fact that NP has neither �pc-hard tallysets nor �pd-hard tally sets unless P = NP, it follows that NP hasneither �pc-hard sets nor �pd-hard sets in IC[log,poly] unless P = NP.Corollary 5.5 If P 6= NP and A is �pd-hard for NP, then A 62IC[log;poly].Proof of Corollary 5.5:Suppose that a disjunctive truth-table hard set for NP isin IC[log,poly]. Since Rpd(IC[log,poly]) � Rpd(TALLY) �Rpd(coSPARSE), it follows from Ukkonen's result [Ukk83] that P =NP.



40 REFERENCESCorollary 5.6 If P 6= NP and A is �pc-hard for NP, then A 62IC[log;poly].Proof of Corollary 5.6:Suppose that a conjunctive truth-table hard set for NP is inIC[log,poly]. Since Rpc(IC[log,poly]) � Rpc(SPARSE), it follows fromCorollary 3.4 that P = NP.Finally, using Theorem 3.13 and the fact that every tally set is inIC[log;poly], we can conclude that for truth-tables of size !(log n),no analog of Corollary 5.4 can be proven by any relativizable prooftechnique. AcknowledgmentsFor helpful conversations, comments, suggestions, and literaturepointers, we are grateful to E. Allender, L. Fortnow, W. Gasarch,A. Hoene, R. Rubinstein, R. Schuler, A. Selman, E. Spaan, J. Tor�an,S. Wahl, and O. Watanabe. We thank J. Balc�azar, M. Hermo, andR. Schuler for discussions from which Theorem 5.2 resulted.References[ABG90] A. Amir, R. Beigel, and W. Gasarch. Someconnections between bounded query classes and non-uniform complexity. In Proceedings of the 5th Structurein Complexity Theory Conference, pages 232{243. IEEEComputer Society Press, July 1990.[AHH+92] V. Arvind, Y. Han, L. Hemachandra, J. K�obler,A. Lozano, M. Mundhenk, M. Ogiwara, U. Sch�oning,R. Silvestri, and T. Thierauf. Reductions to setsof low information content. Technical Report TR-417, University of Rochester, Department of ComputerScience, Rochester, NY, 1992.[AHH+92a] V. Arvind, Y. Han, L. Hemachandra, J. K�obler,A. Lozano, M. Mundhenk, M. Ogiwara, U. Sch�oning,R. Silvestri, and T. Thierauf. Reductions to sets oflow information content. In Proceedings of the 5th



REFERENCES 41International Colloquium on Automata, Languages, andProgramming, pages 162{173. Springer-Verlag LectureNotes in Computer Science #623, 1992.[AHOW92] E. Allender, L. Hemachandra, M. Ogiwara, andO. Watanabe. Relating equivalence and reducibility tosparse sets. SIAM Journal on Computing, 21(3):521{539,1992.[AKM92] V. Arvind, J. K�obler, and M. Mundhenk. Onbounded truth-table, conjunctive, and randomizedreductions to sparse sets. In Proceedings of the 12thConference on Foundations of Software Technology andTheoretical Computer Science, pages 140{151. Springer-Verlag Lecture Notes in Computer Science #652, 1992.[Bal90] J. Balc�azar. Self-reducibility. Journal of Computer andSystem Sciences, 41(3):367{388, 1990.[Ber78] P. Berman. Relationship between density anddeterministic complexity of NP-complete languages. InProceedings of the 5th International Colloquium onAutomata, Languages, and Programming, pages 63{71.Springer-Verlag Lecture Notes in Computer Science #62,1978.[BGH90] R. Beigel, J. Gill, and U. Hertrampf. Counting classes:Thresholds, parity, mods, and fewness. In Proceedingsof the 7th Annual Symposium on Theoretical Aspects ofComputer Science, pages 49{57. Springer-Verlag LectureNotes in Computer Science #415, February 1990.[BH77] L. Berman and J. Hartmanis. On isomorphisms anddensity of NP and other complete sets. SIAM Journalon Computing, 6(2):305{322, 1977.[BK88] R. Book and K. Ko. On sets truth-table reducible tosparse sets. SIAM Journal on Computing, 17(5):903{919,1988.[BLS92] H. Buhrman, L. Longpr�e, and E. Spaan. SPARSE reducesconjunctively to TALLY. Technical Report NU-CCS-92-08, Northeastern University College of Computer Science,



42 REFERENCESBoston, MA, 1992. To appear in Proceedings of the 8thStructure in Complexity Theory Conference.[BS90] R. Boppana and M. Sipser. The complexity of �nitefunctions. In J. Van Leeuwen, editor, Handbook ofTheoretical Computer Science, chapter 14, pages 757{804.MIT Press/Elsevier, 1990.[CGH+88] J. Cai, T. Gundermann, J. Hartmanis, L. Hemachandra,V. Sewelson, K. Wagner, and G. Wechsung. The booleanhierarchy I: Structural properties. SIAM Journal onComputing, 17(6):1232{1252, 1988.[CGH+89] J. Cai, T. Gundermann, J. Hartmanis, L. Hemachandra,V. Sewelson, K. Wagner, and G. Wechsung. The booleanhierarchy II: Applications. SIAM Journal on Computing,18(1):95{111, 1989.[CH90] J. Cai and L. Hemachandra. On the power ofparity polynomial time. Mathematical Systems Theory,23(2):95{106, 1990.[CH91] J. Cai and L. Hemachandra. A note on enumerativecounting. Information Processing Letters, 38(4):215{219,1991.[ER60] P. Erd}os and R. Rado. Intersection theorems for systemsof sets. Journal of the London Mathematical Society,35:85{90, 1960.[For79] S. Fortune. A note on sparse complete sets. SIAM Journalon Computing, 8(3):431{433, 1979.[Gav] R. Gavald�a. On conjunctive and disjunctive reductionsto sparse sets. Manuscript, January 1992.[GW] R. Gavald�a and O. Watanabe. On the computationalcomplexity of small descriptions. SIAM Journal onComputing. To appear. Preliminary versions appearas [GW91] and [Gav].[GW91] R. Gavald�a and O. Watanabe. On the computationalcomplexity of small descriptions. In Proceedings of the 6th



REFERENCES 43Structure in Complexity Theory Conference, pages 89{101. IEEE Computer Society Press, June/July 1991.[Har83] J. Hartmanis. Generalized Kolmogorov complexity andthe structure of feasible computations. In Proceedings ofthe 24th IEEE Symposium on Foundations of ComputerScience, pages 439{445. IEEE Computer Society Press,1983.[Hau14] F. Hausdor�. Grundz�uge der Mengenlehre. Leipzig, 1914.[Hel86] H. Heller. On relativized exponential and probabilisticcomplexity classes. Information and Control, 71:231{243,1986.[HH91] L. Hemachandra and A. Hoene. On sets with e�cientimplicit membership tests. SIAM Journal on Computing,20(6):1148{1156, 1991.[HIS85] J. Hartmanis, N. Immerman, and V. Sewelson.Sparse sets in NP-P: EXPTIME versus NEXPTIME.Information and Control, 65(2/3):159{181, 1985.[HL91] S. Homer and L. Longpr�e. On reductions of NP setsto sparse sets. In Proceedings of the 6th Structurein Complexity Theory Conference, pages 79{88. IEEEComputer Society Press, June/July 1991.[HOW92] L. Hemachandra, M. Ogiwara, and O. Watanabe. Howhard are sparse sets? In Proceedings of the 7th Structurein Complexity Theory Conference, pages 222{238. IEEEComputer Society Press, June 1992.[HY84] J. Hartmanis and Y. Yesha. Computation times of NPsets of di�erent densities. Theoretical Computer Science,34:17{32, 1984.[IM89] N. Immerman and S. Mahaney. Relativizing relativizedcomputations. Theoretical Computer Science, 68:267{276, 1989.[JY85] D. Joseph and P. Young. Some remarks on witnessfunctions for non-polynomial and non-complete sets inNP. Theoretical Computer Science, 39:225{237, 1985.



44 REFERENCES[JY90] D. Joseph and P. Young. Self-reducibility: E�ectsof internal structure on computational complexity. InA. Selman, editor, Complexity Theory Retrospective,pages 82{107. Springer-Verlag, 1990.[Kad89] J. Kadin. PNP[log n] and sparse Turing-complete setsfor NP. Journal of Computer and System Sciences,39(3):282{298, 1989.[KL80] R. Karp and R. Lipton. Some connections betweennonuniform and uniform complexity classes. InProceedings of the 12th ACM Symposium on Theory ofComputing, pages 302{309, April 1980.[KMR89] S. Kurtz, S. Mahaney, and J. Royer. The isomorphismconjecture fails relative to a random oracle. In Proceedingsof the 21st ACM Symposium on Theory of Computing,pages 157{166. ACM Press, May 1989.[Ko89] K. Ko. Distinguishing conjunctive and disjunctivereducibilities by sparse sets. Information andComputation, 81(1):62{87, 1989.[KOSW86] K. Ko, P. Orponen, U. Sch�oning, and O. Watanabe.What is a hard instance of a computational problem. InProceedings of the 1st Structure in Complexity TheoryConference, pages 197{217. Springer-Verlag LectureNotes in Computer Science #223, June 1986.[KOSW90] K. Ko, P. Orponen, U. Sch�oning, and O. Watanabe.Instance complexity. Technical Report A-1990-6,University of Helsinki Department of Computer Science,Helsinki, Finland, September 1990. To appear in Journalof the ACM.[KSW87] J. K�obler, U. Sch�oning, and K. Wagner. Thedi�erence and truth-table hierarchies of NP. R.A.I.R.O.Informatique th�eorique et Applications, 21(4):419{435,1987.[LLS75] R. Ladner, N. Lynch, and A. Selman. A comparisonof polynomial time reducibilities. Theoretical ComputerScience, 1(2):103{124, 1975.



REFERENCES 45[Mah82] S. Mahaney. Sparse complete sets for NP: Solutionof a conjecture of Berman and Hartmanis. Journal ofComputer and System Sciences, 25(2):130{143, 1982.[Mah86] S. Mahaney. Sparse sets and reducibilities. In R. Book,editor, Studies in Complexity Theory, pages 63{118. JohnWiley and Sons, 1986.[Mah89] S. Mahaney. The isomorphism conjecture and sparsesets. In J. Hartmanis, editor, Computational ComplexityTheory, pages 18{46. American Mathematical Society,1989. Proceedings of Symposia in Applied Mathematics#38.[OL] M. Ogiwara and A. Lozano. On one-query self-reduciblesets. Theoretical Computer Science. To appear.Preliminary version appears as [OL91].[OL91] M. Ogiwara and A. Lozano. On one-query self-reduciblesets. In Proceedings of the 6th Structure in ComplexityTheory Conference, pages 139{151. IEEE ComputerSociety Press, June/July 1991.[Orp90] P. Orponen. On the instance complexity of NP-hard problems. In Proceedings of the 5th Structurein Complexity Theory Conference, pages 20{27. IEEEComputer Society Press, July 1990.[OW91] M. Ogiwara and O. Watanabe. On polynomial-timebounded truth-table reducibility of NP sets to sparse sets.SIAM Journal on Computing, 20(3):471{483, 1991.[RR92] D. Ranjan and P. Rohatgi. On randomized reductionsto sparse sets. In Proceedings of the 7th Structure inComplexity Theory Conference, pages 239{242. IEEEComputer Society Press, June 1992.[Rub90] R. Rubinstein. Relativizations of the P-printable sets andthe sets with small generalized Kolmogorov complexity.Technical Report WPI-CS-TR-90-3, WorcesterPolytechnic Institute, Worcester, MA, March 1990.[Sel88] A. Selman. Promise problems complete for complexityclasses. Information and Computation, 78:87{98, 1988.



46 REFERENCES[Sel90] A. Selman. A note on adaptive vs. nonadaptive reductionsto NP. Technical Report 90-20, State University ofNew York at Bu�alo Department of Computer Science,Bu�alo, NY, September 1990.[Ukk83] E. Ukkonen. Two results on polynomial time truth-tablereductions to sparse sets. SIAM Journal on Computing,12(3):580{587, 1983.[Wag90] K. Wagner. Bounded query classes. SIAM Journal onComputing, 19(5):833{846, 1990.[Wat88] O. Watanabe. On �p1�tt sparseness and nondeterministiccomplexity classes. In Proceedings of the 15thInternational Colloquium on Automata, Languages, andProgramming, pages 697{709. Springer-Verlag LectureNotes in Computer Science #317, July 1988.[Wat91] O. Watanabe. On intractability of the class UP.Mathematical Systems Theory, 24:1{10, 1991.[Wec85] G. Wechsung. On the boolean closure of NP. InProceedings of the 5th Conference on Fundamentals ofComputation Theory, pages 485{493. Springer-VerlagLecture Notes in Computer Science #199 , 1985. (Anunpublished precursor of this paper was coauthored byK. Wagner).[Yap83] C. Yap. Some consequences of non-uniform conditions onuniform classes. Theoretical Computer Science, 26:287{300, 1983.[Yes83] Y. Yesha. On certain polynomial-time truth-tablereducibilities of complete sets to sparse sets. SIAMJournal on Computing, 12(3):411{425, 1983.


